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Abstract
There are strong arguments in favour of the point of view that the Standard Model (SM) of
elementary interactions is only an effective theory, a low-energy approximation of a more fun-
damental one. One of the very important processes that may shed light on a deeper theory is
the scattering of the electroweak vector bosons, W and Z. It is indirectly accessible in the LHC
experiments, particularly with its high luminosity (HL-LHC) or high energy (HE-LHC) phase,
through the process pp → 2jets + 2lepton pairs. The process of vector bosons scattering is the
most direct test of the mechanism of the electroweak symmetry breaking and also is sensitive to
the existence of new particles interacting electroweakly.
There are two general approaches to the search for a beyond the SM theory. One is to propose
and investigate explicit models, the other one is based on the so-called Effective Field Theory
(EFT) approach. The strength and the effectiveness of the EFT approach follows from the
fact that one can study the discovery potential of the physics beyond the SM without knowing
complete theories. EFT is particularly useful as long as no new particles are directly discovered
experimentally but their existence could manifest itself at energies much lower than their masses
Λ (E << Λ) as corrections to the SM predictions suppressed as (E/Λ). These corrections can be
parametrized by non-renormalizable operators added to the SM Lagrangian. The EFT approach
relies on the justified assumption that a limited number of certain operators provides a good
approximation to certain classes of complete models when E << Λ. Each choice of a limited
set of operators, with their (Wilson) coefficients taken at some (arbitrary) fixed values, defines
an EFT ”model” to be tested for its discovery potential. At this point expected magnitude
of deviations with respect to the SM predictions can be estimated as well as the effects of
different non-renormalizable operators on kinematic distributions studied. Once the future data
are available and feature significant deviations from the SM, the analysis in the framework of EFT
”models” shall serve as a guide towards concrete deeper models. The general novel element of this
work, important for both discussed above aspects of using EFT, is determination of the region
of validity of the EFT approach to gauge boson scattering. The latter is strongly constrained by
the partial wave unitarity bound applied in presence of non-renormalizable operators.
Two main classes of effective Lagrangians can be considered, depending on how the elec-
troweak symmetry breaking is assumed to be realized: linearly for elementary Higgs particle
embedded as a component of the SM scalar doublet (Standard Model Effective Field Theory,
SMEFT) or non-linearly, on the three Goldstone bosons constituting the longitudinal compo-
nents of the W± and Z gauge fields (Higgs Effective Field Theory, HEFT). In the latter case the
physical Higgs field is a singlet of the symmetry group. The non-linear EFT is particularly suit-
able for low-energy effective description of models in which the Higgs particle is a fundamental
or composite (pseudo) Nambu-Goldstone bosons arising from the spontaneous breaking of some
global symmetry in the deeper theory.
In this work the vector boson scattering process is investigated through the reaction pp →
2jets +W ∗W ∗ → 2jets + lνll′ν ′l , where W ∗ denote in general off-shell W+, in the EFT approach
with the HL-LHC and HE-LHC experiments in mind. We have investigated the discovery po-
tential of certain classes of the EFT ”models” of both the SMEFT and HEFT bases with the
particular emphasis on using the EFT ”models” in their region of validity. A novel method has
been proposed for determining the discovery regions of physics beyond the SM, described by the
EFT ”models”. Independent of the basis chosen, the discovery regions are found to be non-empty.
We then compare differences in experimental signatures between SMEFT and HEFT, which is
an important step for distinguishing between the two hypotheses in the future data. Finally, we
investigated what the effect on the discovery regions is when increasing the pp collision energy.
Streszczenie
Istnieją silne argumenty za punktem widzenia, że Model Standardowy (MS) oddziaływań ele-
mentarnych jest tylko teorią efektywną, niskoenergetycznym przybliżeniem jakiejś bardziej fun-
damentalnej teorii. Jednym z bardzo ważnych procesów, który może rzucić światło na teorię
głębszą, jest rozpraszanie elektrosłabych bozonów wektorowych, W oraz Z. Proces ten jest
pośrednio dostępny w eksperymencie LHC, szczególnie w fazie wysokiej świetlności (HL-LHC),
przez reakcję pp → 2 dżety + 2 pary leptonów. Proces rozpraszania bozonów wektorowych jest
najbardziej bezpośrednim testem mechanizmu naruszenia symetrii elektrosłabej, a także czuły
jest na istnienie nowych cząstek oddziałujących elektrosłabo.
Istnieją dwa generalne podejścia do poszukiwań teorii wychodzącej poza MS. Jedno to pro-
ponowanie i badanie konkretnych modeli, drugie bazuje na tak zwanej Efektywnej Teorii Pola
(Effective Field Theory, EFT). Siła i skuteczność podejścia przez EFT wynika z faktu, że możliwe
jest badanie potencjału odkrywczego fizyki wychodzącej poza MS, bez znajomości pełnych teorii.
EFT jest szczególnie użyteczne tak długo, jak żadne nowe cząstki nie są bezpośrednio odkryte
doświadczalnie, ale ich istnienie mogłoby się przejawiać przy energiach dużo niższych niż ich
masy Λ (E << Λ), jako poprawki do przewidywań MS tłumione jak (E/Λ). Te poprawki mogą
być parametryzowane przez nierenormalizowalne operatory dodane do Lagranżjanu MS. Pode-
jście przez EFT bazuje na uzasadnionym założeniu, że ograniczona liczba zadanych operatorów
stanowi dobre przybliżenie pewnych klas kompletnych modeli, gdy E << Λ. Każdy wybór
ograniczonego zbioru operatorów, z ich współczynnikami (Wilsona) wziętymi z jakimiś (dowol-
nymi) ustalonymi wartościami, definiuje ”model” EFT, który ma być testowany względem jego
potencjału odkrywczego. Na tym etapie może być oszacowana przewidywana skala odchyleń
względem MS, tak samo jak efekty od różnych nierenormalizowalnych operatorów, w badanych
rozkładach kinematycznych. Kiedy przyszłe dane będą dostępne i pokażą istotne odchylenia od
MS, analiza w ramach ”modeli” EFT posłuży jako wskazówka w kierunku konkretnych głębszych
modeli. Ogólny nowy element tej pracy, ważny w obu powyższych aspektach stosowania EFT,
to wyznaczanie rejonów stosowalności podejścia przez EFT do rozpraszania bozonów cechowa-
nia. Te ostatnie są silnie ograniczone przez perturbacyjną unitarność fal parcjalnych w obecności
operatorów nierenormalizowalnych.
Można rozważać dwie główne klasy efektywnych Lagranżjanów w zależności od założenia,
jak realizowane jest łamanie symetrii elektrosłabej: liniowo, z elementarną cząstką Higgsa jako
składnik skalarnego dubletu MS (Standard Model Effective Field Theory, SMEFT) lub nielin-
iowo, przez trzy bozony Goldstona stanowiące podłużne składowe pól cechowania W± oraz Z
(Higgs Effective Field Theory, HEFT). W drugim przypadku fizyczne pole Higgsa jest singletem
grupy symetrii. Nieliniowa EFT jest szczególnie odpowiednia w niskoenergetycznym efetywnym
opisie modeli, w których cząstka Higgsa jest elementarnym, bądź złożonym (pseudo) bozonem
Nambu-Goldstona, wyłaniającym się ze spontanicznego naruszenia pewnej symetrii globalej w
głębszej teorii.
W tej pracy zbadano rozpraszanie bozonów wektorowych przez reakcję pp→ 2jets+W ∗W ∗ →
2jets + lνl l
′ν ′l , gdzie W
∗ oznacza w ogólności W+ poza powłoką masy, w podejściu przez EFT,
pod kątem eksperymentów HL-LHC i HE-LHC. Zbadano potencjał odkrywczy pewnych klas
”modeli” EFT obu baz SMEFT i HFET, ze szczególnym podkreśleniem używania ”modeli” EFT
w ich rejonach stosowalności. Zaproponowano nową metodę w celu określania rejonów odkry-
wczych fizyki wychodzącej poza MS, opisanej przez ”modele” EFT. Niezależnie od wyboru bazy,
znalezione rejony odkrywcze są niepuste. Następnie porównano różnice sygnatur eksperymental-
nych pomiędzy SMEFT i HEFT, co jest ważnym krokiem dla odróżnienia tych dwóch hipotez
w przyszłych danych. Na koniec zbadano, jaki jest efekt na rejony odkrywcze gdy zwiększyć
energię zderzeń pp.
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Chapter 1
Introduction
There are strong arguments in favour of the point of view that the Standard Model (SM) of
elementary interactions [1–4], is only an effective theory, a low-energy approximation of a
more fundamental one. The search for an extension of the SM that would address the open
questions left unanswered by the present theory is now the main goal of particle physics,
both in the experimental and theoretical research. One of the very important processes
that may shed light on a deeper theory is the scattering of the electroweak vector bosons,
W and Z. It is indirectly accessible in the LHC experiments, particularly with its high
luminosity phase (HL-LHC), through the process pp→ 2jets + 2lepton pairs. The process
of vector bosons scattering is the most direct test of the mechanism of the electroweak
symmetry breaking [5–10] and also is sensitive to the existence of new particles interacting
electroweakly.
On the theoretical side, there are two general approaches to the search for a beyond the
SM theory. One is to propose and investigate explicit models, the other one is based on the
so-called Effective Field Theory (EFT) approach [11, 12]. The strength and the effective-
ness of the EFT approach follows from the fact that one can study the discovery potential
of the physics beyond the SM without knowing complete theories. EFT is particularly use-
ful as long as no new particles are directly discovered experimentally but their existence
could manifest itself at energies much lower than their masses Λ (E << Λ) as correc-
tions to the SM predictions suppressed as (E/Λ). These corrections can be parametrized
by non-renormalizable operators added to the SM Lagrangian. Every concrete complete
model, after decoupling of the heavy degrees of freedom predicts some series, in principle
infinite, of operators with concrete coefficients, called Wilson coefficients (being functions
of the coupling constants g and the ratios g/Λ). The EFT approach relies on the justified
assumption that a limited number of certain operators provides a good approximation to
certain classes of complete models when E << Λ. Each choice of a limited set of oper-
ators, with their (Wilson) coefficients taken at some (arbitrary) fixed values, defines an
EFT ”model” to be tested for its discovery potential. At this point expected magnitude
of deviations with respect to the SM predictions can be estimated as well as the effects
of different non-renormalizable operators on kinematic distributions studied. Once the
future data are available and feature significant deviations from the SM, the analysis in
the framework of EFT ”models” shall serve as a guide towards concrete deeper models.
The general novel element of this work, important for both discussed above aspects of
using EFT, is determination of the region of validity of the EFT approach to gauge boson
scattering. The latter is strongly constrained by the partial wave unitarity bound applied
in presencen of non-renormalizable operators.
Two main classes of effective Lagrangians can be considered, depending on how the
electroweak symmetry breaking is assumed to be realized: linearly for elementary Higgs
particle embedded as a component of the SM scalar doublet (Standard Model Effective
5Field Theory, SMEFT) [13,14] or non-linearly, on the three Goldstone bosons constituting
the longitudinal components of the W± and Z gauge fields (Higgs Effective Field Theory,
HEFT) [15–32]. In the latter case the physical Higgs field is a singlet of the symmetry
group. The non-linear EFT is particularly suitable for low-energy effective description
of models in which the Higgs particle is a fundamental or composite (pseudo) Nambu-
Goldstone bosons arising from the spontaneous breaking of some global symmetry in the
deeper theory. The non-linear EFT is the so-called Chiral EFT: the operators in the
effective Lagrangian are organized according to the number of derivatives of a certain
dimensionless unitary matrix describing the Goldstone degrees of freedom.
In this work we shall investigate the Vector Boson Scattering (VBS) process through
the reaction pp→ 2jets +W ∗W ∗ → 2jets + 2lepton pairs, where W ∗ denote in general off-
shellW+ gauge bosons, in the EFT approach with the HL-LHC and HE-LHC experiments
in mind. This thesis is based on the results of [a-d] (listed separately at the end of this
Chapter).
Focusing first on the linear realization of the electroweak symmetry breaking, quanti-
tative EFT description is based on expansion in higher dimensional operators in the the
SMEFT basis, formed with operators invariant under the gauge symmetries of the SM. In
[a] we have investigated the discovery potential at the HL-LHC of a certain class of the
EFT ”models”, defined in the SMEFT basis, applied to the W+W+ scattering in the pro-
cess pp→ 2jets+2lepton pairs, with the particular emphasis on using the EFT ”models” in
their region of validity. A novel method has been proposed for determining the discovery
regions of physics beyond the SM, described by the EFT ”models” in the regions where the
EFT description is sensible.
For effective theories originating from complete models with the Higgs boson a (pseudo)
Goldstone boson of some new strong interactions the HEFT basis is more appropriate. It
is a very interesting question about the discovery potential of the physics beyond the SM
depending on the EFT basis used. Therefore, following the developed methods mentioned
above, in [b] we have investigated the discovery potential for physics beyond the SM in
the WW scattering at the HL-LHC, using the HEFT parametrization. The comparison
between the results obtained for the operators of the SMEFT and HEFT bases has been
also addressed and it helps to understand the differences in the expected experimental
signatures in these two cases.
Therefore, the main results of the thesis are:
• determination of the region of validity of the EFT approach to same-sign WW scat-
tering,
• determination of the discovery potential of the EFT approach in its region of validity
to same-sign WW scattering at HL-LHC both in SMEFT and HEFT case,
• in both cases the discovery regions are found to be non-empty,
• comparison of differences in experimental signatures between SMEFT and HEFT
hypothesis,
• Finally, in [c-d] we addressed the question what the effect on the discovery regions
is when increasing the pp collision energy. For this reason we studied the SMEFT
discovery regions in the HE-LHC experiment and compared them with the HL-LHC
case.
The structure of the thesis is as follows: we start with overview of the SM in Sec. 1,
where we focus both on the theoretical principles as well as sum up its very impressive
experimental success. In Sec. 2 we however briefly discuss the reasons for its extension,
providing a list of examples where the SM fails. Here, we also briefly argue about the
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potential usefulness of VBS processes as a probe of the (expected) beyond the SM effects
and discuss their experimental accessibility. In Sec. 3 we discuss in detail perturbative
partial wave unitarity bounds. Then, in Sec. 4 we start the investigation on VBS process
by discussing its features in the SM. In particular, we focus on the aspect of perturbative
unitarity bounds fulfilment by the SM amplitudes. In Sec. 5 we discuss general features
of the effective field theory approach. The latter is used in Sec. 6 in the form of SMEFT
and HEFT to parametrize the beyond the SM effects in same-sign WW scattering. The
proposition for data analysis strategy in the EFT approach is discussed and the discovery
potential presented. The conclusions and outlook concerning further research objectives
are presented in Sec. 7. An important element of the thesis is also justification that qual-
itative influence of the non-renormalizable operators on the scattering amplitudes can be
inferred from studying the on-shell vector boson scattering, e.g. W+W+ →W+W+. The
full list of numerical results characterizing the scattering is lengthy because of the num-
ber of non-renormalizable operators that must be investigated. The on-shell scattering is
illustrated in the main body of the thesis on small number of examples, for clarity. The
full set of results is presented in Appendices but their content is summarized in the main
body.
[a] J. Kalinowski, P. Kozów, S. Pokorski, J. Rosiek, M. Szleper and S. Tkaczyk,
“Same-sign WW scattering at the LHC: can we discover BSM effects before discovering
new states?,” Eur. Phys. J. C 78, no. 5, 403 (2018) doi:10.1140/epjc/s10052-018-5885-y
[arXiv:1802.02366 [hep-ph]].
[b] P. Kozów, L. Merlo, S. Pokorski and M. Szleper, “Same-sign WW Scattering in the
HEFT: Discoverability vs. EFT Validity,” [arXiv:1905.03354 [hep-ph]], accepted to JHEP.
[c] G. Chaudhary, J. Kalinowski, M. Kaur, P. Kozów, S. Pokorski, J. Rosiek, K. Sandeep,
M. Szleper, S. Tkaczyk, “Higgs Physics at the HL-LHC and HE-LHC”, Report from
Working Group 2 on the Physics of the HL-LHC, and Perspectives at the HE-LHC,
[arXiv:1902.00134 [hep-ph]].
[d] G. Chaudhary, J. Kalinowski, M. Kaur, P. Kozów, K. Sandeep, M. Szleper and
S. Tkaczyk, “EFT triangles in the same-sign WW scattering process at the HL-LHC and
HE-LHC”, [arXiv:1906.10769 [hep-ph]].
Chapter 2
The Standard Model
2.1 General designing principles
The current theory of particles and their interactions is the Standard Model. It merges the
two fundamental principles of XX century physics: quantum mechanics (1920’) and special
relativity (1905). Hence it is a Quantum Field Theory (QFT) with the Poincare invariance
imposed. The principles of general relativity (1915) are not accounted for - gravity is not
among the forces the SM describes. Further basic principles the local QFT Lagrangian of
the SM LSM obeys, are:
1. the gauge principle: both the electromagnetic and weak interactions are described
by the gauge group SU(2)L×U(1)Y . Global symmetries are not imposed at the fun-
damental level. It may however happen than the L features some global symmetries
as a consequence of certain local symmetry and the particle content. In fact the SM
has accidental global symmetries. As a consequence lepton and baryon numbers are
conserved.
2. concerning the fermion sector, the LSM is constructed with the two-component anti-
commuting (Grassman) fields that transform in the two inequivalent two-dimensional
irreducible representations, 2 and 2¯, of the Poincaré group (Weyl spinors). The
Dirac fermion field Ψ that represents the electron and the positron in the Quantum
Electrodynamics (QED), consists of a pair of such fields; one transforming as 2 and
the other as 2¯. The QED is vector-like – the LQED can be constructed with the
four-component Dirac fermion solely. The SM, though describes the electromagnetic
interactions of the electron, is chiral at the fundamental level of SU(2)L × U(1)Y
– the building blocks are the 2 and 2¯ spinors. Of course, the Weyl spinors can be
obtained from the four-component field by chiral projections PLΨ ≡ ψL, PRΨ ≡ ψR,
where PL, PR are the left (L) and right (R) projection operators. In this framework
ψL, ψR are technically written in the four-component notation. This notation will
be used throughout the entire text. The fields ψL, ψR are chiral eigenstates. For
massless particles or in the massless (relativistic) limit ψL, ψR are also helicity left-
and right-handed eigenstates, respectively. Hence chirality is helicity in this limit.
For a reference on spinors see [33]
3. the LSM allows for arbitrarily precise predictions (at any order in perturbation the-
ory) after a finite, number of measurements are conducted to determine the funda-
mental parameters in LSM . This feature goes under the name of renormalizability.
Throughout the text we will work in the natural units where the speed of light c and the
Planck constant ~ are set to 1. Helicity projections in these units are simply ±1/2(±1)
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for fermions (the photon). The electromagnetic fine structure constant α ≡ e24pi is dimen-
sionless. In these units all fields have dimension of mass. Spin-1 vector fields Aµ(x) and
scalars φ(x) have dimension 1 and the spinor spin-1/2 fields dimension 3/2, in the mass
units. The derivative is mass dimension 1. The mass dimension is equivalent to the energy
dimension, e.g. electronvolt (eV). Gauge invariant QFT are renormalizable if the mass
dimension (D) of its terms is ≤ 4 [4]. Higher dimension operators spoil renormalizability.
We will refer to such operators as non-renormalizable operators.
2.1.1 Gauge invariance
A. The abelian case
We consider the free Dirac Langrangian
L0 = iΨ¯(x)γµ∂µΨ(x)−mΨ¯(x)Ψ(x). (2.1)
Summation over repeated indices (also non-relativistic) is understood throughout the entire
text. It is invariant under the global U(1) transformation:
Ψ(x)
U(1)→ Ψ′(x) ≡ exp{iQθ}Ψ(x) (2.2)
where Q is an arbitrary constant and θ is the U(1) rotation angle. The transformation
changes the complex phase of all the quantas Ψ(x), x ∈ R4 simultaneously. Since the phase
of each quantum Ψ(x) at fixed x has no physical meaning the theory should be symmetric
under the local phase rotations, i.e. θ ≡ θ(x). However it is not the case, since
∂µΨ(x)→ Ψ′(x) ≡ exp{iQθ}(∂µ + iQ∂µθ)Ψ(x). (2.3)
The gauge principle is the requirement that the Lagrangian is invariant under local phase
transformations. To fix this issue in the context of the above example, one has to add an
extra field Aµ(x) to the partial derivative ∂µ:
∂µ → ∂µ + ieQAµ(x) (2.4)
and assume its transformation under the local U(1) is:
Aµ(x)→ A′µ(x) ≡ Aµ(x)−
1
e
∂µθ. (2.5)
The partial derivative modification in eq. (2.4) defines the covariant derivative Dµ. It
transforms in the same way under the local rotations, as the Ψ field:
DµΨ(x) ≡ [∂µ + ieQAµ(x)]Ψ(x),
DµΨ(x)→ (DµΨ)′(x) ≡ exp{iQθ(x)}DµΨ(x). (2.6)
The term that governs the Aµ propagation is build from the stress-tensor Fµν ≡ ∂µAν −
∂νAµ and reads:
LAKin ≡ −
1
4
FµνF
µν . (2.7)
The Aµ field mass term 12m
2AµA
µ is forbidden by the gauge principle. The quantum
Aµ(x) is a spin-1 massless particle that has two possible spin projections ±1 on the spin
quantization axis. The total Lagrangian
LQED ≡ LAkin + iΨ¯(x)γµDµΨ(x) = LAkin + L0 − eQAµ(x)Ψ¯(x)γµΨ(x) (2.8)
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is the QED Lagrangian with Aµ the photon; in the second step in eq. (2.8) electron-phonton
interaction was explicity separated. Q denotes the charge of Ψ in the units of the electron
charge e, e
2
4pi ≈ 1137 . After the global symmetry is gauged, the photon emerges.
Instead of a single fermion Ψ, N fermions Ψi can be introduced, where i = 1, 2, . . . , N .
Each Ψi corresponds then to its own
L0,i ≡ iΨ¯i(x)γµ∂µΨi(x)−miΨ¯i(x)Ψi (2.9)
and its own interaction term with the photon
Lint,i ≡ −eQiAµ(x)Ψ¯i(x)γµΨi(x), (2.10)
i.e. Qi is arbitrary for each species i. The Lagrangian describing the electromagnetic
interactions between all the species i
L ≡ LAkin +
∑
i
(L0,i + Lint,i) (2.11)
is invariant under the local U(1)EM , too. We shall refer to the different species as different
flavors. The Lagrangian (2.11) could describe electromagnetic interactions of different
quark flavors u, d, s, c, b, t together with different charged lepton flavors e, µ, τ .
B. The non-abelian case
The non-abelian generalization of eq. (2.1) is obtained if Ψ is promoted to a multiplet
(vector) of N fields ΨT ≡ (Ψ1,Ψ2, . . . ,ΨN ) and we require that it is invariant under
arbitrary global U(N) transformations:
Ψ
U(N)→ Ψ′ ≡ UΨ U †U = UU † = 1. (2.12)
The free Lagrangian looks the same in the vector notation:
L0 = iΨ¯(x)γµ∂µΨ(x)−mΨ¯(x)Ψ(x), (2.13)
where m denotes now a N ×N matrix, proportional to identity; similarly, the proper form
of γµ is implicit. Notice also that L0 is vector-like, i.e. both the left ΨL and right ΨR
fields are in the same representation of the symmetry group. Since U(N) = SU(N)×U(1)
we consider in this example only the global SU(N) to be gauged. The extra condition is
detU = 1. The exponential parametrization of the U reads
U = exp {iT aθa} , (2.14)
where T a (a = 1, 2 . . . , N) are the generators of the fundamental representation of SU(N),
traceless and Hermitian, and θa are arbitrary real numbers, the rotation angles. The
structure constants are denoted by fabc:[
T a, T b
]
= ifabcT c, (2.15)
where [·, ·] denotes the commutator; fabc is real for all a, b, c and totally antisymmetric in
these indices.
By analogy to the abelian case we require the symmetry under local transformations
U ≡ exp{iT aθa(x)}. Similarly the ∂µ requires modification with an extra field Gµ(x),
which is now a matrix
DµΨ ≡ [∂µ + igGµ(x)] Ψ, (2.16)
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with the following transformation properties
Gµ → (Gµ)′ = UGµU † + i
g
U †(∂µU). (2.17)
Eq. (2.17) assures covariance:
Dµ → (Dµ)′ = UDµU †, (2.18)
equivalently
DµΨ→ (DµΨ)′ = U(DµΨ). (2.19)
The following decomposition of the Gµ(x) matrix will prove convenient:
Gµ(x) ≡ T aGµa(x), (2.20)
Using (2.20) and (2.17) with infinitesimal rotation angles θa = δθa, the transformation
properties of Gµa(x) can be found:
Gµa → (Gµa)′ = Gµa −
1
g
∂µ(δθa)− fabcδθbGµc . (2.21)
Propagation of Gµa is governed by
Gµν(x) ≡ − ig [Dµ, Dν ] = ∂µGν − ∂νGµ + ig[Gµ, Gν ] ≡ T aGµνa (x),
Gµνa (x) = ∂µGνa − ∂νGµa − gfabcGµbGνc .
(2.22)
The Gµν(x) stress-tensor is covariant by construction. Hence its trace Tr (GµνGµν) =
1
2G
µν
a Gaµν is invariant; its canonical normalization is equal to −14Gµνa Gaµν .
Eq. (2.22) implies self-interactions of these gauge fields. The latter are in the form of
triple and quartic gauge vertices – the expansion of the kinetic term Tr (GµνGµν) yields:
− 1
4
(∂µGνa − ∂νGµa)2 +
g
2
fabc(∂µGνa − ∂νGµa)GbµGcν −
g2
2
fabcfadeG
µ
bG
ν
cG
d
µG
e
ν . (2.23)
The transformation properties under global non-abelian transformations are
Gµa → (Gµa)′ = Gµa − fabcθbGµc (2.24)
In the vector notation (µ index is ommited) GT = (G1, G2, . . . GN ) it is written as
G→ G− f bG, (2.25)
where f b denotes an N × N matrices with the following prescription for (a, b) matrix
elements (f b)ac = fabc. The if b satisfy the same commutation relations as T a. The
corresponding representation is called the adjoint representation. The generators in this
representation are totally antisymmetric, purely imaginary; the representation is real.
So far a single Ψ multiplet (single flavor) was considered in the non-abelian case. We
could consider more than one flavor, charged under the same SU(N) interactions, to be
present in our Lagrangian. Now, in the abelian case different flavors i of the same gauge
group can have arbitrary interaction strengths eQi with the gauge field Aµ. The situation
in the non-abelian case is different – the interaction strength of each flavor must be the
same; in the next paragraph, we justify it.
Let’s assume, for concreteness, that we have two flavors in the non-abelian case, and
that the interaction strength of the first flavor with Gµa is governed by the coupling g.
Technically, to account for a difference of the interaction strength of the second flavor, one
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has to rescale, by an appropriate factor Q, the generators T a occurring in the covariant
derivative corresponding to that flavor:
T a → QT a. (2.26)
Then, the non-linear relations between generators (eq. (2.15)) would imply that this covari-
ant derivative term in the Lagrangian stays invariant only if the transformation properties
of Gaµ occuring in that covariant derivative would be modified (by rescaling fabc → Qfabc
in the transformation rule eq. (2.21)). But, since we assume a single gauge group, i.e.
a single multiplet of Gaµ, these cannot be altered, as these transformations are fixed by
interaction strength of the first flavor.
Depending on the choice of N , different theories are obtained. e.g. for SU(2) the
generators are T a = τ
a
2 (a = 1, 2, 3), the τ
a being the Pauli matrices; for SU(3), T a = λ
a
2
(a = 1, 2, . . . , 8), the λa being the Gell-Mann matrices. For N = 2 the gauge fields form
an triplet (3) of SU(2) and in case of N = 3, an octet (8) of SU(3). The latter choice
corresponds to the Lagrangian of Quantum Chromodynamics QCD where the gauge fields
Gaµ(x) are the gluon fields mediating the strong interactions. The requirement for a single
non-abelian gauge symmetry in QCD implies the interaction strength with the gluons are
equal for all the flavors Ψf = u, d, s, c, b, t. Hence the exact form of Dµ corresponding to
each Ψf is the same for all f and the QCD Lagrangian for all the flavors simply reads:
LQCD = −1
4
Gµνa G
a
µν +
∑
f
(
iΨ¯f (x)γ
µDµΨf (x)−mf Ψ¯f (x)Ψf (x)
)
. (2.27)
2.1.2 Spontaneous Symmetry Breaking (SSB)
The classic example where SSB occurs is the physics of a ferromagnet. On one hand, the
Hamiltonian H is invariant under rotations in the 3-dimensional space. Below a certain
temperature the ferromagnet magnetizes – the electrons spins get correlated at macroscopic
distances leading to a macroscopic magnetic moment, to which each electron contributes.
This quantum state of a ferromagnet is the ground state. It is degenerate – the ferro-
magnet has freedom to choose the magnetic moment direction. Any such choice violates
the symmetry of H – the ground state transforms (the magnetization change its direction)
under rotations. Moreover, all the states that are finite excitations around the ground state
will share this asymmetry. The symmetry is broken spontaneously in such set of quantum
states by the choice of magnetization direction of the ground state. In QFT the ground
state is called the vacuum |0〉. Particle states are excitations around the vacuum. Hence
SSB occurs if a certain symmetry of L is not shared by the vacuum. Below we illustrate
on examples physics of SSB in QFT that is triggered by a scalar potential V , L ⊃ −V .
The L is assumed to be invariant under unitary transformations. The latter symmetry is
the equivalent, in the context of SSB, of space rotations in the ferromagnet example.
A. U(1) global
We consider the U(1) symmetric renormalizable Lagrangian of a complex scalar field Φ(x):
L = ∂µΦ†∂µΦ− V (Φ), V (Φ) = µ2Φ†Φ + λ
(
Φ†Φ
)2
. (2.28)
The Φ symmetry transformations read:
Φ(x)→ Φ′(x) ≡ exp{iθ}Φ(x). (2.29)
The vacuum |0〉 is the state that minimizes the Hamiltonian expectation value. At tree-level
the V vacuum expectation value 〈0|V |0〉 is equal to the minimum of V treated classically,
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Figure 2.1: Shape of the scalar potential for µ2 > 0 (left) and µ2 < 0 (right). In the second
case there is a continuous set of degenerate vacua, corresponding to different phases θ,
connected through a massless field excitation ξ. For details see the text.
i.e. as a function of the scalar fields. The classical scalar field values at the minimum of V
are equal to vacuum expectation values of the scalar field operators. Hence the following
quantity
〈0|V |0〉 = µ2 |〈Φ〉|2 + λ |〈Φ〉|4 (2.30)
is to be minimized with respect to 〈Φ〉. The minimum is, in general, a function of µ2, λ.
For the stability of the vacuum λ > 0 is required. There is no such restriction of the sign
of µ2. It leads to two physically distinct cases:
• µ2 > 0: there is a non-degenerate minimum at 〈Φ〉 = 0. Such L describes a particle
of mass µ (and its antiparticle). The minimum is unaffected by the U(1) rotations.
The symmetry is not spontaneously broken.
• µ2 < 0: 〈V 〉 as a function of 〈Φ〉 is shown in Fig. 2.1. The condition for the vev is
|〈Φ〉| =
√
−µ2
2λ
≡ v√
2
(2.31)
Any choice of the vev 〈Φ〉 = exp{iθ} v√
2
is equivalent. The vacuum is degenerate,
which reflects the symmetry of L. It is characterized by a point in the complex
plain. The point would transform non-trivially under the U(1) rotations, i.e. it
would go around the circle. Hence any vev choice of the physical system will break
the symmetry U(1). The symmetry gets spontaneously broken. For the remaining
discussion we choose θ = 0 as our vacuum. The excitations φ1(x), φ2(x) (real fields)
over the vev are then parametrized as follows:
Φ(x) ≡ 1√
2
[v + φ1(x) + iφ2(x)] (2.32)
and the potential reads:
V = 〈V 〉+ λv2φ21 + λvφ1
(
φ21 + φ
2
2
)
+
1
4
λ
(
φ21 + φ
2
2
)2
. (2.33)
After the SSB one particle is massive φ1, its mass equal to
√
2λv. The other, φ2, is massless.
To gain further insight we introduce an equivalent parametrization for the field Φ(x):
Φ(x) = exp
{
i
ξ(x)
v
}
(v + ϕ1(x)). (2.34)
In this parametrization the ξ dependence disappears from the potential V . Practically,
one is left with the φ1 part of eq. (2.33) (up to trivial difference in normalization). Hence
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the imaginary part of Φ(x), φ2, is explicitly massless. After the reparametrization, the
ξ(x) dependence occurs in the ∂µΦ∂µΦ term of L. It implies the ξ interacts necessarily
through its derivatives, i.e. its vertices are momentum dependent and in the low energy
limit ξ interactions vanish. Since the fields ϕ2(x) and ξ(x) are equivalent descriptions of
the massless modes, the latter statement must be true also for ϕ2 interactions. This is
not obvious based on eq. (2.33); cancellations of the momentum-independent parts must
take place. The mode ξ(x) is called the Nambu-Goldstone or Goldstone (mode). The
existence of massless derivative-interacting modes in theories with SSB, is stated in the
Goldstone theorem. Its formulation in the more general non-abelian case will be followed
by an illustrative SO(3) example.
B. SO(3) global
We consider now SO(3) symmetric Lagrangian of a triplet of (real) fields φi (i = 1, 2, 3)T .
In the vector notation Φ = (φ1, φ2, φ3) the Lagrangian form is the same as in eq. (2.28)
(with Hermitian conjugation replaced by transposition). The explicit form of the SO(3)
transformations read:
Φ(x)→ Φ′(x) = exp {iθaT a}Φ,
T 1 =
 0 0 00 0 +i
0 −i 0
 , T 2 =
 0 0 −i0 0 0
+i 0 0
 , T 3 =
 0 +i 0−i 0 0
0 0 0
 . (2.35)
The case µ2 < 0 implies SSB. The condition on the φi vev’s is
〈φ1〉2 + 〈φ2〉2 + 〈φ3〉2 = v2 ≡
√
−µ2
2λ
, (2.36)
i.e. the minimum is degenerate and in a form of the two-dimensional sphere S2.
Any choice of a point on S2, i.e. of the vacuum, is physically equivalent to any other.
We adopt the following choice 〈φ1〉 = 〈φ2〉 = 0 and 〈φ3〉 = v. The excitations around the
ground state are then parametrized as Φ(x) = (ϕ1(x), ϕ2(x), v+ϕ3(x))T and the potential
in the broken phase reads:
V = −4λv2ϕ23−λϕ43−4λvϕ33−4λvϕ3
(
ϕ21 + ϕ
2
2
)−2λϕ23 (ϕ21 + ϕ22)−λ (ϕ21 + ϕ22)2 . (2.37)
The particle φ3 is massive with the mass 2
√
2λv and the particles ϕ1, ϕ2 are massless.
Similarly as in the previous abelian example, reparametrizing Φ as follows
Φ(x) ≡ exp{iξ1(x)T 1 + iξ2(x)T 2}(0, 0, v + ϕ3)T (2.38)
shows both masslessness and derivative interactions of ξ1 and ξ2, explicitly. They are the
Nambu-Goldstone modes. In eq. (2.38) we made use of the fact that T 1 and T 2 are ”broken”
by 〈Φ〉, i.e. T 1 〈Φ〉 , T 2 〈Φ〉 6= 0 – there exists a Goldstone for each broken generator. From
eq. (2.38) it is to be noted that V, and hence L, have a remnant symmetry described by
the following transformations
Φ(x)→ Φ′(x) = exp{iθ3T 3}Φ(x) =
 cos θ3 − sin θ3 0sin θ3 cos θ3 0
0 0 1
 ϕ1(x)ϕ2(x)
v + ϕ3(x)
 (2.39)
The remnant symmetry is SO(2) and the SSB pattern in this example is SO(3)→ SO(2).
The fact the L in the broken phase is symmetric under SO(2) corresponds to the fact that
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the generator T 3 remains unbroken by the vacuum, i.e. T 3 〈Φ〉 = 0. Again, it is not true
for the remaining two generators.
This example illustrates a general result known as the Nambu-Goldstone theorem [34]:
if a Lagrangian is invariant under a continuous symmetry group G, but the vacuum is only
invariant under a subgroup H ⊃ G, then there must exist as many massless spin-0 particles
(Nambu–Goldstone bosons) as broken generators (i.e., generators of G which do not belong
to H). The vectors iT i 〈Φ〉, where i runs over the broken generators, are eigenvectors of
the scalar mass-matrix with 0 eigenvalues.
In our example vectors iT 1 〈Φ〉 , iT 2 〈Φ〉 read
iT 1 〈Φ〉 =
 v0
0
 , iT 2 〈Φ〉 =
 0−v
0
 , (2.40)
which is consistent with the last statement.
C. U(1) local
We consider now the local U(1) symmetry of a scalar field:
L = (DµΦ)†DµΦ− V (Φ), V (Φ) = µ2Φ†Φ + λ
(
Φ†Φ
)2
,
Dµ = ∂µ + ieAµ.
(2.41)
L is, in particular, invariant under the global U(1) symmetry. We assume the latter is
spontaneously broken, hence µ2 < 0. The field Φ can be parametrized as in eq. (2.34) and,
due to the gauge U(1) symmetry, the Goldstone mode ξ can be rotated away:
Φ(x) = exp
{
i
ξ(x)
v
}
1√
2
(v + h(x))→ 1√
2
(v + h(x)). (2.42)
This particular choice of gauge is called the unitary gauge. Simultaneously transformed is
the gauge field Aµ(x) → A′µ(x) = Aµ(x) − 1e∂µξ(x)/v. We will reabsorb ξ(x) into Aµ(x)
by field redefinition Aµ(x) ≡ A′(x). In the unitary gauge, the kinetic term (DµΦ†)DµΦ
reads:
1
2
(∂µh)∂
µh+
1
2
e2(v + h)2AµA
µ. (2.43)
After the SSB the gauge field acquired mass equal to e2v2. The gauge symmetry is lost,
however the theory is renormalizable since its original formulation eq. (2.41) is gauge
invariant. The Nambu-Goldstone field ξ(x) becomes a would-be Goldstone boson, ”eaten”
be the gauge field: since Aµ becomes massive it has three spin degrees of freedom 0,±1
as opposed to the the massless case where it has only ±1. The extra longitudinal degree
of freedom, 0, is nothing else but the would-be Goldstone scalar field. The gauge bosons
mass generation through gauging of the global symmetry, that is spontaneously broken,
is a mechanism that goes under the name of the Brout-Englert-Higgs mechanism [5–10].
We illustrate details of the mechanism in the following, relevant in the context of the SM
physics, non-abelian example.
D. SU(2)× U(1) local
We consider SU(2) × U(1) group as the gauge symmetry. This example is special in the
sense that the same group with the same SSB pattern appears in the SM. In the SM the
SU(2) is chiral, i.e. the left and right fermion components, ψL, ψR transform in different
representations under these transformations. We shall use results of this example in the
2.1 General designing principles 15
discussion of the SM later on. Going back to our example where no fermion sector is
introduced, the field content is a single scalar doublet Φ of SU(2), charged with Q=1/2
under the U(1) group. The couplings of SU(2) and U(1) are denoted as g, g′, respectively.
Hence the Lagrangian reads:
L = −14BµνBµν − 14W aµνWµνa + (DµΦ)†DµΦ− V (Φ), V (Φ) = µ2Φ†Φ + λ
(
Φ†Φ
)2
, µ2 < 0,
Dµ = ∂µ + i2gW
µ
a τa +
i
2g
′Bµ,
Bµν = ∂µBν − ∂νBµ,
Wµνa = ∂µW νa − ∂νWµa − gabcWµb W νc , (a = 1, 2, 3), 123 = 1,
Φ =
(
φ1
φ2
)
≡
(
ϕ1 + iϕ2
ϕ3 + iϕ4
)
.
(2.44)
Due to the SU(2) invariance, any choice of the vev direction in the 〈ϕi〉 space is equivalent.
Only the module of Φ is fixed: | 〈Φ〉 |2 = −µ22λ . We adopt the following choice: 〈ϕ3〉 =√
−µ2
2λ ≡ v√2 ,
〈Φ〉 =
(
0
v/
√
2
)
. (2.45)
There is a single combination of generators left unbroken
τ3
2
+
I
2
, (2.46)
where I is the 2-by-2 identity matrix. The remaining generators
τ1
2
,
τ2
2
,
τ3
2
− I
2
(2.47)
are broken. Hence the L in eq. (2.44) describes the SU(2) × U(1) → U ′(1) SSB pattern.
There are three Goldstone bosons. Their directions in the Φ multiplet are:
(i/2)τ1 〈Φ〉 =
(
iv/2
0
)
, (i/2)τ2 〈Φ〉 =
(
v/2
0
)
,
(
(i/2)τ3 − (i/2)I) 〈Φ〉 = ( 0−iv
)
(2.48)
Therefore the ϕ1, ϕ2, ϕ3 of eq. (2.44) are to be identified with the Goldstone modes. The
scalar fluctuations around 〈Φ〉 read
Φ(x) =
(
ϕ1(x) + iϕ2(x)
v + h(x) + iϕ4(x)
)
≡ exp{i/2ξa(x)τa/v − iIξ3(x)/v}
(
0
v + h(x)
)
, (2.49)
In the last step the Goldstones were factorized in analogy to eq. (2.34). Again, these modes
can be rotated away due to the SU(2)× U(1) gauge invariance. They are eaten by gauge
bosons. To see the mass spectrum of the gauge fields we compute Dµ 〈Φ〉Dµ 〈Φ〉:
(Dµ 〈Φ〉)†Dµ 〈Φ〉 = 1
4
v2
(
g′2BµBµ − 2gg′BµW 3µ + g2
(
W 1µ W
1 µ +W 2µ W
2 µ +W 3µ W
3 µ
))
(2.50)
which implies the following the gauge bosons mass matrix
v2
4

g2 0 0 0
0 g2 0 0
0 0 g2 −gg′
0 0 −gg′ g′2
 . (2.51)
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Indices 1, 2 of the matrix correspond to W 1, W 2 fields respectively; indices 3, 4 to W 3, B
respectively. In particular the fields W 1,W 2 are mass eigenstates. The lower 2× 2 matrix
is diagonalized by the following rotation:(
Zµ
Aµ
)
=
(
cos θ − sin θ
sin θ cos θ
)(
W 3µ
Bµ
)
, (2.52)
where
cos θ ≡ g√
g2 + g′ 2
, sin θ ≡ g
′√
g2 + g′ 2
. (2.53)
The following definitions W± ≡ 1√
2
(W 1∓ iW 2) introduce states that are both mass eigen-
states and the unbroken U ′(1) charge eigenstates, with charges ±. The masses are:
mW± =
1
2
gv, mZ =
1
2
√
g2 + g′ 2v, mA = 0. (2.54)
After the SSB, three gauge bosons become massive. The three would-be Goldstone bosons
constitute the longitudinal degrees of freedom of the gauge fields. Single gauge boson is
massless. It corresponds to the unbroken U ′(1) local symmetry. There is a single massive
scalar field h with mass
mh =
√
2λv. (2.55)
The number of degrees of freedom before and after the SSB is, of course, the same. The
above was a non-abelian illustration of the Higgs mechanism: if a global symmetry that
exhibits SSB is gauged then the Goldstone bosons of the global symmetry are not physical
anymore in the sense that there exist no massless asymptotic states corresponding to
these modes and the latter only constitute the longitudinal polarizations of the gauge
fields. Hence there are as many massive gauge fields as broken generators. The theory
is renormalizable. Although we illustrated the Higgs mechanism at the level of classical
Lagrangian, it holds at the quantum level as well (in particular after loop corrections are
accounted for in perturbative calculations).
2.2 SM structure and its experimental verification
Upon the three general model-building features listed at the very begining of this Chapter,
the SM is designed as follows:
1. its (gauge) symmetry group is GSM = SU(3)c×SU(2)L×U(1)Y . The SU(3)c corre-
sponds to QCD; QED and the weak interactions are described within the remaining
subgroup.
2. there are three fermion generations (i = 1, 2, 3) consisting of five representations
of GSM . These are: left-handed quark SU(2)L doublets QLi, right-handed up URi
and right-handed down DRi quarks, left-handed lepton SU(2)L doublets LLi and
the right-handed charged leptons ERi. The right-handed fields are singles under
SU(2)L. It introduces parity violation in the weak interactions. QED interactions
are however parity conserving. There is also a single scalar SU(2)L doublet Φ. We
denote each gauge representation of Q,U,D,L,E and Φ by (c, L)Y , where c, L denote
the SU(3)c and SU(2)L representations, respectively and Y is the U(1)Y charge (the
hypercharge). These are:
QLi(3, 2)+1/6, URi(3, 1)+2/3, DRi(3, 1)−1/3, LLi(1, 2)−1/2, ERi(1, 1)−1, (i = 1, 2, 3)
Φ(1, 2)+1/2.
(2.56)
2.2 SM structure and its experimental verification 17
All the three generations are in the same representations of the gauge group. Hence
all necessarily have equal interaction strength to the non-abelian gauge bosons of
SU(3)c and SU(2)L.
3. The scalar content and its quantum numbers are the same as in our example D in
Sec. 2.1.2. Hence it triggers the following pattern of SSB SU(2)L×U(1)Y → U(1)EM
where U(1)EM has now the interpretation of the gauge symmetry of electromagnetic
interactions. The SU(3)c is left unbroken. The QED and QCD gauge interactions
are hence unbroken and the SM SSB pattern reads:
SU(3)c × SU(2)L × U(1)Y → SU(3)c × U(1)EM . (2.57)
Naturally, the SM is a vast subject. In the remaining of this Chapter we focus on EW
processes emerging already at tree-level in the SM, report the experimental results and
compare. An exception is a brief characterization of electroweak precision measurements.
The experimental values are taken from the Particle Data Group database [35], unless
stated explicitly. For overviews of the SM see [12,36–38].
The SM is the most general Lagrangian LSM that can be build with the the particle
content (2.) allowed by the symmetry (1.) – all terms that are allowed, are present.
Obviously the SM is co-defined by concrete values of its otherwise free, physical parameters
that are fixed by measurements. LSM can be split in three pieces:
LSM = Lkin + LYuk + LΦ. (2.58)
Lkin denotes the bilinear, covariant derivative dependent terms; LYuk denotes the scalar-
fermion Yukawa interactions; LΦ denotes the scalar potential that triggers the SSB.
The SU(3), SU(2)L and U(1)Y gauge fields form the following multiplets, respectively:
Gµa(8, 1)0, W
µ
a (1, 3)0, B
µ(1, 1)0. (2.59)
The stress-tensors read explicitly:
Gµνa = ∂µGνa − ∂νGµa − gsfabcGµbGνc ,
Wµνa = ∂µW νa − ∂νWµa − gabcWµb W νc ,
Bµν = ∂µBν − ∂νBµ,
(2.60)
where fabc and abc are the SU(3), SU(2) structure constants, respectively; the gs and g
are the SU(3), SU(2) gauge couplings, respectively.
In accord with eq. (2.56), the explicit form of the covariant derivatives read:
DµΦ = (∂µ + i2gW
µ
a τa +
i
2g
′Bµ)Φ,
DµQLi = (∂
µ + i2gsG
µ
aλa +
i
2gW
µ
a τa +
i
6g
′Bµ)QLi,
DµURi = (∂
µ + i2gsG
µ
aλa +
i
6g
′Bµ)URi,
DµDRi = (∂
µ + i2gsG
µ
aλa +
2i
3 g
′Bµ)DRi,
DµLLi = (∂
µ + i2gW
µ
a τa − i2g′Bµ)LLi,
DµERi = (∂
µ − ig
′
Bµ)ERi.
(2.61)
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Except for the ERi case, the proper tensor product form of the generators representations
in eq. (2.61) is implicit. Lkin reads
Lkin = −1
4
Gµνa G
a
µν −
1
4
Wµνa W
a
µν −
1
4
BµνBµν
+iQ¯Li /DQLi + iU¯Ri /DURi + iU¯Di /DUDi + iL¯Li /DLLi + iE¯Ri /DERi
+(DµΦ)†DµΦ. (2.62)
LYuk reads
LYuk = Y dijQ¯LiΦDRj + Y uij Q¯LiΦ˜URj + Y eijL¯LiΦERj + h.c., (2.63)
where Φ˜ ≡ iτ2Φ† and Y f are general 3× 3 complex matrices.
LΦ denotes the same scalar potential as in Sec. 2.1.2 with µ2 < 0 triggering the same
SSB pattern:
LΦ = −µ2Φ†Φ− λ(Φ†Φ)2, 〈Φ〉 =
√
−µ2
2λ
≡ v√
2
. (2.64)
2.2.1 Gauge boson and Fermion mass spectrum
The SU(2) × U(1) → U(1)′ SSB pattern with a scalar doublet was discussed already in
Sec. 2.1.2 in example D. Hence, the tree-level mass formulae for the SM vector bosons
W±, Z are written in eq. (2.54); A is now the photon. Experimentally:
mW± = 80.379± 0.012 GeV, mZ = 91.1876± 0.0021 GeV, (2.65)
while the experimental upper bound on the photon mass:
mA < 10
−18 eV. (2.66)
The scalar boson mass is described by (2.55) and the particle shall be referred to as the
Higgs boson. The weak and electromagnetic forces mediated by the four gauge bosons are
unified in the SM within the SU(2)L×U(1)Y gauge group – only two gauge couplings g, g′
are introduced to describe the couplings of the forces mediated by W±, Z,A. The mixing
angle θ, that occurred in eq. (2.52), is called the Weinberg angle and will be denoted by
θW .
In LSM there is a single dimensionful parameter, µ2, which can be replaced by v in the
broken phase. In all occurrences of the Φ doublet, the scale v will occur. In particular the
SSB also generates fermion masses by the Yukawa interactions in LY (the Dirac mass terms
mψ¯LψR are otherwise forbidden by the chiral nature of the SM SU(2)L gauge group).
One has freedom to redefine the fields QLi, DRi, URi in eq. (2.63) by arbitrary unitary
rotations U(3) in the i index, i.e. in the flavor space. Each definition means a particular
interaction basis, in which the Yukawa matrices Y d, Y u, Y e take certain form. In general,
two bases are physically important: the interaction basis and the mass basis. As a con-
venient first step of going from the former to the latter, one can start with one of the
following two bases: (a) the one in which the Y d and Y e matrices are diagonal (b) the one
in which the Y u and Y e are diagonal. Since in general Y d 6= Y u, the requirements (a) and
(b) lead in general to two different bases.
The Y e is diagonalized independent of Y d or Y u. Certain unitary rotations in the flavor
space applied to the fields LLi, ERi results in bi-unitary diagonalization of Y e:
LL → U †eLLL,
ER → UeRER =⇒ Y
e → Yˆ e ≡ UeLY eU †eR. (2.67)
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Vector notation in the flavor space, e.g. ER ≡ (ER1, ER2, ER3)T , was used; UeL, UeR belong
to the flavor U(3) rotations. The matrix Y e is diagonal and real:
Yˆ e = diag(ye, yµ, yτ ). (2.68)
In the basis eq. (2.68) the components of the left lepton SU(2)L doublets and the right
lepton SU(2)L singlets shall be denoted as follows:(
νeL
eL
)
,
(
νµL
µL
)
,
(
ντL
τL
)
; eR, µR, τR. (2.69)
The e, µ, τ families are three different flavors, ordered by ye, yµ, yτ hierarchy from smallest
to the largest.
Concerning quarks, we first consider the case (a) where Y d is diagonalized:
QLi → V †dLQLi,
DR → VdRDR =⇒ Y
d → Yˆ d ≡ VdLY dV †dR, (2.70)
where Yˆ d is diagonal and real:
Yˆ d = diag(yd, ys, yb). (2.71)
In the basis eq. (2.71) the components of the left quark SU(2)L doublets and the right
down quarks SU(2)L singlets shall be denoted as follows:(
udL
dL
)
,
(
usL
sL
)
,
(
ubL
bL
)
; dR, sR, bR. (2.72)
The d, s, b are the down quark flavors.
We now consider the case where Y u is diagonalized:
QLi → V †uLQLi,
UR → VuRUR =⇒ Y
u → Yˆ u ≡ VuLY uV †uR, (2.73)
where Yˆ u is diagonal and real:
Yˆ u = diag(yu, yc, yt). (2.74)
In the basis eq. (2.74) the components of the left quark SU(2)L doublets and the right up
quarks, SU(2)L singlets, shall be denoted as follows:(
uL
duL
)
,
(
cL
dcL
)
,
(
tL
dtL
)
; uR, cR, tR. (2.75)
The u, c, t are the down quark flavors.
The flavors dL, sL, bL cannot be, in general, identified with the fields duL, dcL, dtL be-
cause the bases eq. (2.74) and eq. (2.71) require, generally, different VdL and VuL rotations
of QLi. Analogous remark is true for the up quark states. The two interaction bases are
different.
In the case where Y u is diagonal, the Y d is related to the Yˆ d as follows
Y u = Yˆ u, Y d = V Yˆ d, (2.76)
where
V = VuLV
†
dL. (2.77)
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In the case where Y d is diagonal the Y u is related to the Yˆ u as follows
Y d = Yˆ d, Y u = V †Yˆ u. (2.78)
In eq. (2.76) and (2.78), the Y d and Y u forms assume the VdR and VuR transformations are
applied, respectively. While the rotation matrices VuR, VdR, VuL, VdL depend on the basis
we start with in eq. (2.63), the combination V does not. It is physical, as will be discussed
later.
All in all, the terms in eq. (2.63) generate Dirac up, down quark and lepton masses
after SSB and the masses read:
me =
yev√
2
, mµ =
yµv√
2
, mτ =
yτv√
2
, (2.79)
for the leptons,
md =
ydv√
2
, ms =
ysv√
2
, mb =
ybv√
2
, (2.80)
for the down quarks, and
mu =
yuv√
2
, mc =
ycv√
2
, mt =
ytv√
2
, (2.81)
for the up quarks. Hence while the fermions are in chiral representations of GSM , they are
in vector representation of the unbroken group SU(3)c × U(1)EM :
• the left and right charged leptons e, µ, τ are in (1)−1 representation,
• the left and right charged up quarks u, c, t are in (3)+2/3 representation and
• the left and right charged down quarks d, s, b are in (3)−1/3 representation.
The only massless fermions in the SM are neutrinos:
mνe = mνµ = mντ = 0. (2.82)
From the classical Lagrangian it is obvious - with the absence of the right neutrinos νR
in the SM, no bilinear mass terms are allowed. However, since the left neutrinos are
singles (1)0 of the unbroken SU(3)c×U(1)EM , Majorana mass terms could in principle be
generated radiatively. Nevertheless, it does not happen due to accidental global symmetries
in the SM which correspond to conservation of the lepton flavor quantum numbers.
In reality neutrinos are massive. It is implied by the neutrino oscillation phenomenon.
While the absolute mass scale of neutrinos is unknown, known are the mass differences.
The experimental bound on the neutrino νe, νµ, ντ masses is
mν < 2 eV, (2.83)
while the mass differences squared read:
∆m221(7.53± 0.18)× 10−5 eV2,
∆m232 = (2.51± 0.05)× 10−3 eV2.
(2.84)
Therefore, the physics of neutrino mass generation is beyond the SM description. Whether
the neutrinos are Dirac or Majorana is still an open question. If three flavors of right-
handed neutrinos νRi, singles under the GSM , i.e. (1)0, were introduced, Dirac mass terms
would emerge from the Yukawa part. The result of such SM extension is an extra set of
parameters in the form of a matrix – a lepton sector direct analogue of the quark V matrix.
Again, such extension is not considered the SM – there are no νRi degrees of freedom in
the SM.
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The experimental values of the fermion masses are:
me,µ,τ = 0.5109989461(31) MeV 105.6583745(24) MeV 1776.86± 0.12 MeV
md,s,b = 4.7
+0.5
0.3 MeV 95
+9
−3 MeV 4.18
+0.04
−0.03 GeV
mu,c,t = 2.2
+0.5
−0.4 MeV 1.275
+0.025
−0.035 GeV 173.0± 0.4 GeV.
(2.85)
Except for the three left-handed neutrinos, all fermions are massive. Masses of fermions
and weak bosons are consequence of the SSB. If it were not for the SSB, the masslessness of
the former is protected by their chiral nature, while of the latter by the gauge symmetry.
On the other hand, the mass of the scalar particle is not protected by any mechanism.
This situation is typical for scalars and is a potential source of the so called hierarchy
problem: if there is a sufficiently large gap between the electroweak scale and a scale of
some heavy sector beyond the SM (BSM), then the Higgs boson mass requires unnaturally
exact tuning of the BSM model parameters (for an interesting discussion in this subject
see the Appendix in [11]). All masses are proportional to the only mass parameter in the
model, the vev v, or equivalently to
√
−µ2.
2.2.2 The charge current weak interactions
As already pointed out, there exist, in general, no quark sector interaction basis in which
both the down and up Yukawa matrices Y uand Y d are diagonal simultaneously. However,
one of them can always be diagonalized with bi-unitary transformations eq. (2.70), (2.73).
The quark kinetic terms in eq. (2.62) are invariant under the unitary rotations in the flavor
space. Without loss of generality for physics conclusions we start the discussion of the W±
mediated quark interactions in the basis eq. (2.71), that correspond to diagonal Y d. The
relevant part of (2.62) read
Lkin ⊃ − g√
2
(u¯dL /W
+
dL + u¯sL /W
+
sL + u¯bL /W
+
bL + h.c.). (2.86)
It is clear from the unitary gauge (eq. (2.49) with ξi = 0) that the first (second) term
in eq. (2.63) governs the down (up) quark interactions with Φ. The up quarks Yukawa
interactions are described by the following piece
(u¯dL, u¯sL, u¯bL)V
†Yˆ u
 uRcR
tR
 . (2.87)
This quark piece can be diagonalized by applying the following transformation of the left
up quarks  udLusL
ubL
→ V
 udLusL
ubL
 =
 uLcL
tL
 . (2.88)
The QiL kinetic term is not invariant under eq. (2.88) . The form of (2.86) read
− g√
2
(u¯L, d¯L, t¯L)V /W
+
 dLsL
bL
+ h.c.. (2.89)
the flavor dependence of the W mediated interactions are governed by the matrix V ; the
matrix is physical. Indeed one can check that V is invariant under different choices of the
quark interaction basis one starts with. In the general case the W quark couplings are not
universal, i.e. V is not proportional to the identity matrix; nor is it diagonal. This case
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defines the SM. Only left-handed quarks couple to W – parity is maximally violated in W
emissions from quarks.
The case of leptons is more straightforward – there exists an interaction basis that is
also the mass basis (2.75). The W± interactions in this basis read simply (compare with
eq.(2.86)):
Lkin ⊃ − g√
2
(ν¯eL /W
+
eL + ν¯µL /W
+
µL + ν¯τL /W
+
τL + h.c.). (2.90)
Only left-handed leptons interact with W±. It implies maximal parity-violation. The
interactions are universal in the flavor space: the couplings to W is the same for all three
pairs τ ν¯τ , µν¯µ and eν¯e, and flavor-off-diagonal couplings are forbidden, i.e. W does not
couple to eν¯µ etc.
Universality of W -lν¯l interactions has been verified experimentally:
BR(W+ → e+ν) = (10.71± 0.16)%,
BR(W+ → µ+ν) = (10.63± 0.15)%,
BR(W+ → τ+ν) = (11.38± 0.21)%.
(2.91)
The quark flavor mixing matrix V is called the CKM matrix. The entries shall be
denoted as follows:
V =
 Vud Vus VubVcd Vcs Vcb
Vtd Vts Vtb
 . (2.92)
Comparizon of quark and lepton couplings in eq. (2.86) and (2.90) implies the following
prediction for the W decay widths
Γ(W+ → l+νl) ∝ 1,
Γ(W+ → uid¯j) ∝ 3|Vij |2, (2.93)
where the index i runs only over first two generations of up-quarks u, c, the index j over
all three down-quarks d, s, b. The limitation is due to kinematics. Common factors were
omitted and differences in phase space factors neglected. The matrix V is unitary, in
particular
|Vud|2 + |Vus|2 + |Vub|2 = |Vcd|2 + |Vcs|2 + |Vcb|2 = 1. (2.94)
Quark decays mean in practice decays to hadrons, then eq. (2.94) and (2.93) implies
Γ(W → hadrons) ≈ 2Γ(W → leptons). (2.95)
Experimentally
BR(W → hadrons) = (67.41± 0.27)%. (2.96)
Then from eq. (2.91):
Γ(W → hadrons)/Γ(W → leptons) = 2.06± 0.02 (2.97)
in good agreement with the SM.
Another prediction of eq. (2.94) is that half of the hadronic W decays are through the
c quark:
Γ(W → uX) = Γ(W → cX) = 1
2
Γ(W → hadrons). (2.98)
Experimentally,
Γ(W → cX) = (33.3± 2.6)%, (2.99)
which implies
Γ(W → cX)/Γ(W → hadrons) = 0.49± 0.04, (2.100)
again in good agreement with the SM.
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2.2.3 Neutral currents weak interactions
Fermion interactions with the Z boson are flavor diagonal and flavor universal. It is a
consequence of the fact that all fermions of the same chirality and charge come from the
same representation of SU(2)L × U(1)Y . The relevant part of (2.62) in the mass basis
reads
Lkin ⊃ gg
′/
√
g2 + g′ 2
sW cW
[
−
(
1
2
− s2W
)
e¯Li /ZeLi + s
2
W e¯Ri /ZeRi +
1
2
ν¯Li /ZνLi
+
(
1
2
− 2
3
s2W
)
u¯Li /ZuLi − 2
3
s2W u¯Ri /ZuRi −
(
1
2
− 1
3
s2W
)
d¯Li /ZdLi +
1
3
s2W d¯Ri /ZdRi
]
,
(2.101)
where νLi = νe, νµ, ντ and eLi = eL, µL, τL and uLi = uL, cL, tL etc.
Universality has been confirmed experimentally by flavor-diagonal branching rations:
BR(Z → e+e−) = (3.3632± 0.0042)%,
BR(Z → µ+µ−) = (3.3662± 0.0066)%,
BR(Z → τ+τ−) = (3.3696± 0.0083)%
(2.102)
and bounds set on flavor-off-diagonal interactions:
BR(Z → e±µ∓) < 7.5× 107,
BR(Z → e±τ∓) < 9, 8× 107,
BR(Z → µ±τ∓) < 1.2× 107.
(2.103)
Moreover eq. (2.101) implies the following Z decay partial widths into a single fermion-pair
generation of each type:
Γ(Z → νν¯) ∝ 1,
Γ(Z → ll¯) ∝ 1− 4s2W + 8s4W ,
Γ(Z → uu¯) ∝ 3 (1− 83s2W + 329 s4W ) ,
Γ(Z → dd¯) ∝ 3 (1− 43s2W + 89s4W ) ,
(2.104)
where again common factors are omitted and phase space differences neglected. The ratios
are governed by a single parameter sW . Substituting sin θW with the formula (2.52) one
obtains the prediction:
1 : 0.51 : 1.75 : 2.24. (2.105)
Experimentally,
BR(Z → νν¯) = (6.67± 0.02)%,
BR(Z → ll¯) = (3.37± 0.01)%,
BR(Z → uu¯) = (11.6± 0.6)%,
BR(Z → dd¯) = (15.6± 0.4)%,
(2.106)
which yield the following rations
1 : 0.505 : 1.74 : 2.34. (2.107)
Again, in good agreement with the SM prediction.
2.2.4 QED and QCD interactions
The SM Lagrangian is invariant under the SU(3)c×U(1)EM by construction. QED inter-
actions are described by
− 2e
3
u¯i /Aui +
e
3
d¯i /Adi + el¯i /Ali, (2.108)
24 The Standard Model
where ui = u, c, t, di = d, s, b, li = e, µ, τ and e in eq. (2.108) is the electron charge. In
terms of SU(2)L × U(1)Y it is
e ≡ gg
′√
g2 + g′ 2
= g sin θW . (2.109)
This relation is a consequence of the SM unification of the weak and electromagnetic
forces. The QED couplings are vector-like. Parity is conserved QED interactions. Except
for neutrinos all fermions interact with photons. The interaction is diagonal and universal
in the flavor space, in particular the photon does not couple to e+µ−, etc.
The electron anomalous magnetic moment measurements [39] provide the most accurate
determination of the fine structure constant:
α−1 ≡ e
2
4pi
= 137.035999084± 0.000000051. (2.110)
Five loop QED order calculations are necessarily to match the experimental accuracy.
Naturally, QED is to be understood as low-energy approximation of the electroweak in-
teractions. In particular, there are corrections to the anomalous magnetic moment from
virtual W and Z. These are however of order O(α m
2
e
m2
W/Z
) ∼ 10−13, beyond the accuracy
in (2.110). Alternatively one can use the measurement to test QED. This test is the
most stringent available and QED as a low-energy approximation to the SM electroweak
interactions, is consistent with the experiment.
The QCD part of the SM reads
− gs
2
q¯λa /Gaq, (2.111)
where the gs denotes the QCD coupling.
The e−e− scattering provide a test of the number of QCD colors NC via the following
processes
e+e− → hadrons,
e+e− → µ+µ−, (2.112)
by measuring the cross sections ratio
Re+e− ≡
σ(e+e− → hadrons)
σ(e+e− → µ+µ− (2.113)
at different energies (invariant mass) of the e+e− system. The tree-level diagrams are
those of s-channel e+e− annihilation to a pair of quark-antiquark or the µ+µ− through
the photon and the Z boson. At energies well below the Z mass, the photon exchange
amplitude dominates the process. The ratio reads
NC
Nf∑
f=1
Q2f =

2
3NC = 2, (Nf = 3 : u, d, s),
10
9 NC = 3
1
3 , (Nf = 4 : u, d, s, c),
11
9 NC = 3
2
3 , (Nf = 5 : u, d, s, c, b).
(2.114)
Different ratios correspond to different e+e− energies, where only certain flavors can be
produced. The measurement is shown in Fig. 2.2. The complicated resonance structure
visible in the plot, is irrelevant for inferring NC – the formulae (2.114) hold away from the
resonant productions, i.e. they are valid in the regions where hadrons are produced in the
form of a pair of jets. The resonances J/ψ, Υ are bound states of cc¯ and bb¯, respectively.
Good agreement is reached for NC = 3.
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Figure 2.2: World data on the ratio Re+e− [35]. The broken lines show the naive quark
model approximation with NC = 3. The solid curve is the 3-loop perturbative QCD
prediction.
A simple estimate on the value of gs can be made studying the ratio between 3-jet
and 2-jet e+e− annihilation – a quark can emit a gluon that can hadronize to a jet. This
estimate results in
αs ≡ g
2
s
4pi
∼ 0.12. (2.115)
Accounting for QCD loop corrections result in [40]:
αs(mZ) = 0.1183± 0.0010. (2.116)
The result is to be understood as at the mZ scale. Moreover, the coupling gs is non-
perturbative below the so called ΛQCD ∼ 300 MeV.
The same remarks as for QED, are true for QCD, concerning flavor features. Flavor
universality of QED and QCD is guaranteed by the fact that the corresponding gauge
symmetries are left unbroken – the kinetic terms in eq. (2.62) are invariant under any
rotations in flavor space.
2.2.5 Interactions of the Higgs boson
The Higgs boson has self-interactions, weak interactions, and Yukawa interactions:
LSM ⊃ −m
2
h
2v
h3 − m
2
h
8v2
h4 (2.117)
+m2WW
−
µ W
+µ
(
2h
v
+
h2
v2
)
+
1
2
m2ZZµZ
µ
(
2h
v
+
h2
v2
)
−h
v
(ml l¯LlR +mq q¯LqR + h.c.), (l = e, µ, τ), (q = u, c, t, d, s, b)
Higgs couplings to the fermion mass eigenstates are diagonal. The reason Higgs boson cou-
ples diagonally to the quark mass eigenstates is that the Yukawa couplings determine both
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the masses and the Higgs couplings to the fermions. Thus, in the mass basis the Yukawa
interactions are also diagonal. The couplings are non-universal, as they are proportional
to the fermion masses: the heavier the fermion, the stronger the coupling; the factor of
proportionality is mψ/v. Experimental verification of the SM Higgs particle prediction is
briefly discussed in Sec. 2.3.
2.2.6 Electroweak precision measurements
The SM predicts the following relation between the weak boson masses and the weak
couplings at tree-level:
m2W
m2Z
=
g2
g2 + g′2
= cos2 θW . (2.118)
It could be verified experimentally: the left hand side can be measured directly from the
measured mass spectrum and the right hand side can be determined by measuring weak
interaction rates.
More specifically, in the gauge and scalar sectors there are four free physical parameters:
g, g′, µ2 and λ. Equivalently, one could choose as the free parameters some electroweak
observables, e.g.: mZ ,mW , α and mh. We shall choose the following:
GF = (1.1663788± 0.0000007)× 10−5GeV−2,
α−1 = 137.035999084± 0.000000051,
mZ = 91.1876± 0.0021GeV−2,
(2.119)
and the Higgs boson mass mh. GF is the Fermi constant and is determined by the muon
life-time τµ measurement from the µ− → e−ν¯eνµ decay:
1
τµ
= Γµ ≡
G2Fm
5
µ
192pi3
f(m2e/m
2
µ)(1+δRC), f(x) ≡ 1−8x+8x3−x4−12x2 log x, (2.120)
where δRC denotes QED radiative corrections to order O(α2). The explicit correspondence
of GF to the electroweak parameters is the following: the decay is realized through a virtual
W− emission (that subsequently decays to e−ν¯e). The momentum transfer q2 carried by
the W propagator is much smaller than the mW scale
q2 = (pµ − pνµ)2 = (pe + pνe)2 . m2µ << m2W . (2.121)
and one can approximate:
g2
m2W − q2
≈ g
2
m2W
=
4piα
sin2 θWm2W
= 4
√
2GF . (2.122)
The relation (2.122) together with eq. (2.118) (sin2 θW = 1− m
2
W
m2Z
) then determine
sin θ2W = 0.2122, mW = 80.94. (2.123)
Eq. (2.123) is to be understood as SM prediction based on tree-level calculation. Concern-
ing first the W mass, already at tree-level, the prediction for mW agrees reasonably well
with the experimental value (2.65). In order to meet the experimental result, radiative
corrections have to be accounted for. After loop corrections are included the mW mass
prediction of SM is in very good agreement with the measurement [41]. In general, both left
and right hand side of the tree-level relation (2.118) acquire corrections. The experimental
verification of the SM prediction for sin θW at loop level, is discussed below.
The process that is particularly sensitive to sin2 θW is e+e− annihilation to leptons
e+e− → ll¯. The sensitivity is obtained through the measurements of forward-backward
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Figure 2.3: Combined LEP and SLD measurements of sin 2θeff (averaged over leptons
e, µ, τ); Γl denotes the width Γ(Z → ll¯) (averaged over the three leptonic modes). The
shaded region shows the SM prediction. The arrows point in the direction of increasing
values of mt and mh. The point shows the predicted values if, among the electroweak
radiative corrections, only the photon vacuum polarization is included. Its arrow indicates
the variation induced by the uncertainty in α(m2Z) [41].
asymmetry and polarization asymmetry of the final state leptons. The precision obtained
in the LEP and SLD measurements [41] required accounting for virtual corrections, in
particular of the Higgs boson h and the top quark t. The latter particle was discovered
at the Tevatron with mass mt = 173.2 ± 0.9 [42]. In Fig. 2.3 shown are the combined
LEP and SLD measurements vs. SM prediction of sin2 θeff , which is an effective quantity
corresponding to the measured charged lepton weak interaction rates, expressible in the
SM as sin2 θW plus the radiative corrections. In the plot the SM prediction is presented
with the fixed t mass as a function of the Higgs mass – at the time of the electroweak
precision and Tevatron experiments the scalar particle had not yet been discovered. It
allows for indirect bounds for the Higgs mass determination. The lower bound on the mh
considered was dictated by 95%CL direct exclusion of the Higgs boson mass at LEP in the
region
mh < 114.4 GeV, (2.124)
The upper limit considered has theoretical motivation – if mh & 1000TeV perturbative
unitary is violated in weak boson scattering (see Chapter 5 for details). The analysis of
Fig. 2.3 indicated that the Higgs mass would be in the lower part of the considered region
114 – 1000 GeV. In. [43] the following indirect upper bound was established:
mh < 169 GeV (95%C.L.), (2.125)
from the requirement of consistency of the data with the SM predictions at the level of
two standard deviations (2σ).
2.2.7 Gauge weak self interactions
Also pure gauge interactions were studied in e+e− collisions. Such interactions are conse-
quence of non-abelian type of the gauge symmetry.
According to the SM there are three types of tree-level diagrams contributing to the
process e+e− →W+W−:
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Figure 2.4: Measured energy dependence of cross sections: e+e →W+W (left) and e+e →
ZZ (right). The three curves shown for the W -pair production cross-section correspond
to only the νe-exchange contribution (upper curve), νe exchange plus photon exchange
(middle curve) and all contributions including also the ZWW vertex (lower curve). Only
the e-exchange mechanism contributes to Z pair production, [41]
i) through the exchange of νe in the t channel,
ii) through the exchange of A in the s channel,
iii) through the exchange of Z in the s channel.
The last two are due to the existence of AWW and ZWW vertices. Fig. 2.4 shows the
e+e− → W+W− cross sections as functions of energy assuming various diagrams would
contribute, and the data. Clearly the data can be explained only if all three contributions
are added. Moreover omitting any of the three diagrams leads to unphysical behavior of
the cross section – it grows with energy, violating unitarity.
On the other hand, the process e+e− → ZZ can be used to show that there is no
evidence for local γZZ and ZZZ interactions. The SM predicts only one type of diagram
that contributes at tree-level: the t channel exchange of the electron. The SM cross section
as function of energy and the data are shown in Fig. 2.4. The agreement is good.
The pure SU(2)L × U(1)Y gauge interactions of the SM, has been confirmed experi-
mentally.
2.3 Higgs discovery
In 2012 a new particle, consistent with the SM Higgs boson, has been discovered [44, 45]
in proton-proton (pp) collisions at 7-8 TeV center of mass (c.o.m) collision energy at the
Large Hadron Collider (LHC) by the ATLAS [46] and CMS [47] experiments with mass in
the window 125-126 GeV. The first results provided strong indication for a neutral boson
with spin-1 hypothesis strongly disfavoured. The combined ATLAS and CMS analysis of
the full run 1 (2011-2012) dataset resulted in the following mass determination [48]:
125.09± 0.24 GeV. (2.126)
Based on the above dataset, the properties of this particle were studied and found to be
consistent with the Standard Model expectations:
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• all tested alternatives to the 0+ spin-parity assignment were rejected in favour of the
0+ hypothesis [49,50],
• the couplings were found to be consistent with the SM predictions with accuracies
reaching around 10% in the most favourable cases [51]. In particular, the decays into
final ZZ∗, WW ∗, γγ and τ+τ have been established. The measured signal strengths
µ, that are defined as proportionality factors multiplying the SM rate prediction
(fitted in the measurement) read (from combined ATLAS and CMS analysis [51]):
µγγ = 1.14+0.19−0.18,
µZZ = 1.29+0.260.23 ,
µWW = 1.09+0.180.16 ,
µττ = 1.11+0.240.22 ,
where µ = 1 is the SM prediction. Hence, all are consistent with the SM.
As concerns quark flavor changing Higgs couplings, these have been searched for in
t→ qh decays (q = c, u), [52]:
BR(t→ ch) < 4.0× 10−3,
BR(t→ uh) < 4.5× 10−3.
The first direct searches for the lepton-flavour violating Higgs decays were carried out
in [53] yielding the upper bounds:
BR(h→ τµ) < 2.5× 10−3,
BR(h→ τe) < 6.1× 10−3,
BR(h→ µe) < 3.4× 10−4.
The run 2 data taking period (13 TeV c.o.m. pp energy) resulted, in particular, in
discovery of the bb¯ Higgs decay mode with the following signal strength result:
µbb¯ = 1.02± 0.15, (2.127)
again consistent with the SM. In general, all measured properties of the scalar particle are
consistent with the SM predictions.
The discovery of the last remaining piece of the SM – the Higgs boson – ended a
certain era in particle physics. Confirmed has been that the fundamental laws of physics
are based on symmetry principle, violated by the vacuum properties. Despite the extreme
experimental success of the SM, in particular in the context of the 13 TeV LHC data, it is
widely expected that there is physics beyond the SM, with some new characteristic mass
scale(s). We briefly discuss this issue in Chapter 3 where we also argue that vector boson
scattering is a promising probe in the search for new physics.
Chapter 3
Why to go beyond
The current situation in elementary particles is intriguing(see also discussion in [54]): on
one side, there is the SM which is a renormalizable QFT based on gauge symmetries and
spontaneous symmetry breaking. It is a very plausible theory due to its simplicity and
high predictive power. It provides a very accurate description of the data. On the other
side, there are both certain empirical facts and theoretical questions that the SM does not
explain. From the empirical side, one has for example:
• neutrino masses,
• the existence of Dark Matter,
• matter-antimatter asymmetry,
• the acceleration (Dark Energy),
• homogeneity and isotropy of the Universe (inflation),
while the theoretical questions the SM does not answer are for example the following:
• what is the mechanism stabilizing the SM vacuum?
• what is responsible for no CP breaking in strong interactions?
• what explains quarks and leptons hierarchy?
• what is the mechanism explaining inflation in the framework of elementary interac-
tions?
• what is the relation between elementary interactions and gravity?
These are strong arguments to claim that the SM is only an effective description, a low-
energy approximation of a more fundamental theory. The search for an extension of the
SM that would address the open questions left unanswered by the SM is now the main
goal of particle physics research.
In general, there are two ways how to search for a more fundamental theory. One is
to build concrete deeper theories models and test their predictions against the data. The
other is the Effective Field Theory approach. It is a well-developed technique to investigate
potential extensions of the SM without explicitly referring to a particular model. The
standard technique is to investigate the departures from the SM predictions in the presence
of effective, non-renormalizable operators, that parametrize effects of heavy beyond the SM
particles, as a function of the operators coefficients, to either put constraints on new physics
effects or estimate their discovery potential in as much as possible model independent way
(for discussion on the EFT Lagrangians see Chapter 6). This technique is being widely
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used e.g. in flavor physics [55] and in the Higgs physics [56]. The EFT approach is also
used to investigate theoretically potential departures from the SM predictions in the gauge
boson scattering – to parametrize the potential deviations from those predictions. This
approach is taken in this thesis. In the case of the gauge boson scattering, one aspect of
the EFT approach is particularly striking. This is the problem of using the EFT approach
in its region of validity. There are two main aspects of this issue. One, already mentioned
in the introduction, corresponds to perturbative unitarity violation in the EFT approach
(for details on unitarity bounds see Chapter 4). Another is due to the way the vector boson
scattering is accessible experimentally. Both issues are the subject of Chapter 7 where we
apply the EFT approach to same-sign WW scattering in the context of LHC experiment.
3.1 Why vector boson scattering as a probe of New Physics
In particular the Higgs mechanism with a single elementary Higgs boson that triggers the
spontaneous EW symmetry breaking, although provides a very successful description of
the gauge boson sector, is most likely a simple, effective parametrization of some larger
sector. In fact, in every proposed complete extension of the SM, such as supersymmetric
models, composite Higgs models, little Higgs models etc., that addresses the above men-
tioned experimental or theoretical issues, the Higgs mechanism involves more scalar bosons
and/or non-elementary scalars, and there are more particles interacting electroweakly. In
consequence, also the predictions for the gauge boson interaction are modified and those
effects should manifest themselves at high enough energies.
At the LHC, vector boson scattering is among the processes most sensitive to the
electroweak and the Higgs sectors. In the SM, the Feynman amplitudes grow with energy,
but cancellations among diagrams involving quartic gauge boson couplings, trilinear gauge
boson couplings and Higgs exchange occur, and lead to a total amplitude that does not
grow at large energies (for details see Chapter 5). If modifications from physics beyond
the SM exist, they are likely to spoil these cancellations and lead to sizeable cross section
increases.
After the discovery of a scalar resonance at the LHC, VBS received a renewed attention
both from the experimental collaborations (see below) and from theorists who analysed
possible signals of NP in these processes by means of the SMEFTLagrangian [57–59], or of
the HEFT one [60–66], without however proper account of the problem of validity of the
EFT approach.
3.2 How is it accessible experimentally
This reaction is not directly accessible experimentally but one can use the following reaction
at the LHC:
pp→ 2j + V ∗V ∗ → 2j + 4l, (3.1)
where j denotes a quark jet; V denotes a weak gauge boson; 4l denotes 2 lepton pairs,
decays of V which has which are virtual particles in this reaction (V ∗). A subset of
Feynman diagrams representatives is shown in Fig.3.1.
First experimental results for electroweak same-sign W boson pair production searches
were reported by the ATLAS and CMS based on data collected at
√
s = 8 TeV [67, 68].
The observed significance was 3.6 (2.0) standard deviations (σ) for the ATLAS (CMS)
study, where a significance of 2.8 (3.1) σ was expected based on the SM prediction. The
first observation, at the level of 5.5σ, was reported by CMS [69] based on 13 TeV dataset.
Also, pioneering measurements of the ZW±jj [70] and ZZjj [71] processes exist. For more
material on experimental searches for vector boson scatterings see [72–75]. For a review of
QGC measurements at the LHC, see [76].
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Figure 3.1: Representative Feynman diagrams for single, triple, and quartic gauge couplings
of the EW-induced same-sign W boson pair production (vectro boson scattering).
The lack of direct indications for the presence of new physics (NP) makes indirect
searches more interesting. The HL-LHC upgrade will eventually collect an integrated lu-
minosity of 3 ab−1 of data in pp collisions at c.o.m. energy of 14 TeV, which should
maximize the LHC potential to uncover new phenomena. It may however well be that
the NP degrees of freedom are at higher masses making it difficult at the LHC to identify
experimentally new particles, or new paradigms. These considerations have been driving,
in the last few years, intense activity worldwide to assess the future of collider experiments
beyond the HL-LHC. Several proposals and studies have been performed. The prospects
of pushing the LHC program further with the LHC tunnel and the whole CERN infras-
tructure, together with future magnet technology, is an exciting possibility that could push
the energy up into an unexplored region with the 27 TeV (HE-LHC), that could collect an
integrated luminosity of 15 ab−1.
Chapter 4
Constraints on scattering amplitudes
from unitarity
The purpose of this Section is to derive and discuss bounds on tree-level scattering am-
plitudes that are consequence of unitary evolution of states in Quantum Mechanics. The
results of this Section shall be extensively used in the phenomenological analyses of Sec. 7.
We shall begin with discussing consequences of unitarity that do not rely on perturba-
tive expansion of the S matrix, the latter being a unitary operator:
Sˆ†Sˆ = 1ˆ. (4.1)
It is customary to decompose Sˆ into the ”interacting” and ”non-interacting” parts as follows:
Sˆ ≡ 1ˆ− iTˆ , (4.2)
where Tˆ governs the interaction and 1ˆ is the identity operator. At the level of matrix
elements the four-momentum Dirac delta is factored explicitly from Tˆ which introduces
the scattering amplitudeM:
〈β| Tˆ |α〉 ≡ (2pi)2δ(4)(Pα − Pβ)Mβα, (4.3)
where |α〉 , |β〉 denote, in general, multiparticle states; Pα (Pβ) is the total four-momentum
of the state |α〉 (|β〉). At the level of matrix elements, eq. (4.1) then implies:
− i(M∗αβ −Mβα) =
∫
dγ(2pi)4δ(4)(Pγ − Pα)M∗γβMγα, (4.4)
in which in both sides Pβ = Pα is implicitly assumed. The integration over dγ involves in
particular summation over different number of particles in the states |γ〉; the factors 1/ni!
for each set of ni identical particles in |γ〉 are implicit. The existence of the symmetry
factors is a consequence of the explicit form of the completeness relation that we work
with, and which reads:
1ˆ =
∞∑
N=0
(∑
N1
∑
N1
. . .
)
δN,(N1+N2+...)
1
N1!N2! . . .∑
σ1,...,σN
∫
ΠNi=1 dΓpi |p1σ1, . . . ,pNσN 〉 〈p1σ1, . . . ,pNσN | , (4.5)
where σi denotes a set of quantum numbers of particle (i).
Eq. (4.4) is to be understood as a unitarity condition on the scattering matrixM. In
particular it implies the well known optical theorem. Indeed, taking β = α one obtains
the following relation:
− 2ImMαα =
∫
dγ(2pi)4δ(4)(Pγ − Pα)|Mγα|2, (4.6)
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in which, for |α〉 a two-particle state, the right side is proportional to the total cross section
of the α particles scattering. Hence the imaginary part of forward scattering is proportional
to the total cross section:
σtot(α→ anything) ∝ −2ImMαα, (4.7)
which is the more familiar formulation of the optical theorem.
In order to explore further consequences of the unitarity condition (4.4), from now
on we shall assume that both |α〉 and |β〉 in eq. (4.4) are two-particle states and explore
unitarity conditions for binary reactions. To this end, we shall also apply partial wave
decomposition of these states. One can assign:
|α〉 = |P,p, λ1, λ2〉 ≡ |P,
√
s, pˆ, λ1, λ2〉
|β〉 = |P′,p′, λ′1, λ′2〉 ≡
∣∣∣P′,√s′, pˆ′, λ′1, λ′2〉 , (4.8)
where P denotes total three-momentum of the corresponding state; p denotes three-
momentum of the first particle in the center of mass frame of the state; λi, λ′i denote
helicities of corresponding particles. The second equalities in each line corresponds to
an equivalent labelling of the states: pˆ denotes the versor pointing the p direction and√
s =
√
p2 +m21 +
√
p2 +m22. For details on construction, normalization of multi-particle
states introduced in this Section and detailed discussion on the S-matrix theory, see [77].
We shall now decompose |α〉 into states of definite total angular momentum j and its
projection mj onto a quantization axis in the two-particle center of mass frame:
∣∣P,√s, pˆ, λ1, λ2〉 = ∞∑
j
+j∑
mj=−j
√
2j + 1
4pi
∣∣P,√s, λ1, λ2, j,mj〉D(j)mj ,λ1−λ2(Ωp), (4.9)
where D(j)mj ,λ1−λ2 denotes a (mj , λ1− λ2) matrix element of the Wigner matrices D(j)(Ωp)
and Ωp denotes the ϕ, ϑ angles that specify pˆ. Later on, we shall make use of the following
property of D(j): ∫
dΩpD
(j′)
m′j ,λ
(Ωp)D
(j)∗
mj ,λ
(Ωp) =
4pi
2j + 1
δj′jδm′jmj . (4.10)
The |β〉 state can be decomposed accordingly which implies in turn the following decom-
position of the 〈β| Tˆ |α〉 matrix element:
〈
P′,p′, λ′1, λ
′
2
∣∣ Tˆ |P,p, λ1, λ2〉 = ∞∑
j
∑
mj
∞∑
j′
∞∑
m′j
D
(j′)∗
m′j ,λ
′
1−λ′2(Ωp
′)D
(j)∗
mj ,λ1−λ2(Ωp)×√
(2j′ + 1)(2j + 1)
4pi
〈
P′,
√
s′, λ′1, λ
′
2, j
′,m′j
∣∣∣ Tˆ ∣∣P,√s, λ1, λ2, j,mj〉 . (4.11)
The matrix elements in the second line can be further factorized accounting for energy-
momentum, total angular momentum j and its projection on the quantization axis mj
conservations:〈
P′,
√
s′, λ′1, λ
′
2, j
′,m′j
∣∣∣ Tˆ ∣∣P,√s, λ1, λ2, j,mj〉 =
= (2pi)4δ(3)(P′ −P)δ(P 0′ − P 0)64pi2T (j)
λ′1,λ
′
2;λ1,λ2
(s)δj′jδm′jmj , (4.12)
where T (j)
λ′1,λ
′
2;λ1,λ2
(s) are the partial wave amplitudes; the factor 64pi2 is introduced for later
convenience. Comparing (4.11) and (4.12) with (4.4) then implies:
Mβα = 16pi
∞∑
j
∑
mj
(2j + 1)T (j)
λ′1,λ
′
2;λ1,λ2
(s)D
(j)∗
mj ,λ′1−λ′2(Ωp
′)D
(j)
mj ,λ1−λ2(Ωp). (4.13)
35
The implications of unitarity from eq. (4.4) to binary reactions requires explicit partial wave
expanded form ofM∗αβ ,Mβα,M∗γβ andMγα matrix elements. The decomposed matrix
elements, that shall be subsequently substituted into eq. (4.4), shall be marked below with
a bullet for the reader convenience. The |γ〉 states that we shall single out from (4.4)
and expand into partial waves are two-particle states γ =
∣∣∣P˜, p˜, λa, λb〉. Moreover, since
four-momentum conservation is implicitly assumed between |β〉 and |α〉 in (4.4) and we
consider scattering in the center of mass of the |α〉 system, the |α〉 , |β〉 , |γ〉 in eq. (4.4) can
be identified as follows:
|α〉 = |0,p, λ1, λ2〉 ,
|β〉 = |0,p′, λ′1, λ′2〉 ,
|γ〉 = |0, p˜, λa, λb〉 .
(4.14)
The choice of the angular momentum quantization axis in the direction of the momen-
tum p simplifies D(j)mjλ1−λ2(Ωp) to δmjλ1−λ2 in eq. (4.13) and consequently
• Mβα = 16pi
∞∑
j
(2j + 1)T (j)
λ′1,λ
′
2;λ1,λ2
(s)D
(j)∗
λ1−λ2,λ′1−λ′2(Ωp
′). (4.15)
Similarly
• Mγα = 16pi
∞∑
j
(2j + 1)T (j)λa,λb;λ1,λ2(s)D
(j)∗
λ1−λ2,λa−λb(Ωp˜), (4.16)
where the corresponding partial waves T (j)∗
λa,λb;λ
′
1,λ
′
2
(s) were introduced – though the notation
does not distinguish it, the T (j) in eq. (4.15) and (4.16) are different entities. One can
keep track on which transition the partial waves correspond to, by looking at the indices
λ1λ2, λ′1λ′2, λaλb.
Formula (4.15) already implies:
• M∗γβ = 16pi
∞∑
j
∑
mj
(2j + 1)T (j)∗
λa,λb;λ
′
1,λ
′
2
(s)D
(j)
mj ,λa−λb(Ωp˜)D
(j)∗
mj ,λ′1−λ′2(Ωp
′), (4.17)
In turn eq. (4.17) implies:
• M∗αβ = 16pi
∞∑
j
(2j + 1)T (j)∗
λ1,λ2;λ′1,λ
′
2
(s)D
(j)∗
λ′1−λ′2,λ1−λ2(Ωp
′). (4.18)
The two-body (ab) integrals in eq. (4.4) read:
∑
λa,λb
Nλa,λb
∫
dΓp˜a
∫
dΓp˜b(2pi)
4δ(E˜a + E˜b −
√
s)δ(3)(p˜a + p˜b)M∗γβMγα =
=
1
32pi2s
λ1/2(s,m2a,m
2
b)
∑
λa,λb
Nλaλb
∫
dΩp˜M∗γβMγα, (4.19)
where Nλa,λb corresponds to the 1/ni! discussed below eq. (4.4):
Nλaλb = 1/2, if the particles are identical, i.e. a = b, and if λa = λb,
Nλaλb = 1, otherwise,
and
λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz. (4.20)
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After plugging appropriate ”bullet” formulas into (4.19) and (4.4), performing the dΩp˜
integral in the former formula (with the help of property (4.10)), eq. (4.4) acquires the
following form:
−i
∑
j
(2j + 1)D
(j)∗
λ1−λ2,λ′1−λ′2(Ωp
′)
[
T (j)∗
λ1λ2;λ′1λ
′
2
(s)− T (j)
λ′1λ
′
2;λ1λ2
(s)
]
=
∑
(ab)
∑
j
(2j + 1)D
(j)∗
λ1−λ2,λ′1−λ′2(Ωp
′)
×
∑
λaλb
2
s
λ1/2(s,m2a,m
2
b)NλaλbT (j)∗λaλb;λ′1λ′2(s)T
(j)
λaλb;λ1λ2
(s)
+
1
16pi
∫
dγ(2pi)4δ(4)(Pγ − Pα)M∗γβMγα, (4.21)
where the sum over (ab) means sum over all two-particle states that are kinematically
allowed at s; the integral over dγ includes the sum over three-, four-, etc. particle |γ〉
states. Similar factors to D(j)∗
λ1−λ2,λ′1−λ′2 , present on the left side, and on the right side in
the term involving the sum over two-particle states, can be factored in the last line, as
well. Indeed, it is enough to expand into partial waves the states |α〉 and |β〉; the M∗γβ
andMγα in the last line of eq. (4.21) can then be generically written as:
M∗γβ =
∞∑
j′
∑
m′j
√
2j′ + 1
4pi
T (j′)
γ;λ′1,λ
′
2,m
′
j
(γ; s)D
(j′)
m′j ,λ
′
1−λ′2(Ωp
′),
Mγα =
∞∑
j′′
√
2j′′ + 1
4pi
T (j′′)γ;λ1,λ2,λ1−λ2(γ; s), (4.22)
where the amplitudes T (j′)
γ;λ′1,λ
′
2,m
′
j
(γ; s) are defined by the equation:
〈γ| Tˆ ∣∣0,√s, λ′1, λ′2, j′,m′j〉 ≡ (2pi)4δ(3)(Pγ)δ(P 0γ −√s)T (j′)γ;λ′1,λ′2,m′j (γ; s). (4.23)
The symbol γ used above in the subscript of T (j) is to remind that this amplitude depends,
apart from s, also on the variables needed to specify the multiparticle state |γ〉. Similarly as
in (4.15), the equality D(j)mjλ1−λ2(Ωp) = δmjλ1−λ2 was used in the second line of eq. (4.22).
After the substitutions (4.22), the last line in eq. (4.21) reads:
1
16pi
∞∑
j′′
∞∑
j′
∑
m′j
√
(2j′′ + 1)(2j′ + 1)
4pi
D
(j′)∗
m′j ,λ
′
1−λ′2(Ωp
′)
×
∫
dγ(2pi)4δ(4)(Pγ − Pα)T (j
′)
γ;λ′1,λ
′
2,m
′
j
(γ; s)T (j′′)γ;λ1,λ2,λ1−λ2(γ; s). (4.24)
A factor D(j
′)∗
m′j ,λ
′
1−λ′2(Ωp
′) occurred as anticipated.
The next step is to project both sides of eq. (4.21) on definite j component by first
multiplying both sides by D(j)
λ1−λ2,λ′1−λ′2(Ωp
′) and then integrating over dΩp′ using again
the property (4.10). The term (4.24) after the projection reads:
1
16pi
∞∑
j′′
√
2j′′ + 1
2j + 1
∫
dγ(2pi)4δ(4)(Pγ − Pα)
×T (j)∗
γ;λ′1,λ
′
2,λ1−λ2(γ; s)T
(j′′)
γ;λ1,λ2,λ1−λ2(γ; s). (4.25)
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The angular momentum conservation implies that only j′′ = j can contribute in eq. (4.25).
All in all, after the projection eq. (4.21) reads:
−i
[
T (j)∗
λ1λ2;λ′1λ
′
2
(s)− T (j)
λ′1λ
′
2;λ1λ2
(s)
]
=
=
∑
(ab)
2
s
λ1/2(s,m2a,m
2
b)
∑
λa,λb
NλaλbT (j)∗λaλb;λ′1λ′2(s)T
(j)
λaλb;λ1λ2
(s)
+
1
16pi
∫
dγ(2pi)4δ(4)(Pγ − Pα)T (j)∗γ;λ′1,λ′2,λ1−λ2(γ; s)T
(j)
γ;λ1,λ2,λ1−λ2(γ; s), (4.26)
where
∑
(ab)
denotes summation over different two-particle states; it is understood (ab) =
(ba).
The formula in eq. (4.26) can now be used to generate different unitarity bounds for
binary reactions. First, we assume that the particle content of |α〉 and |β〉 is the same.
Then the sum over (ab) in (4.26) can be split into the elastic part, i.e. where the particles
(ab) are the same as (12), and the remaining, inelastic part; more explicitly:
−i
[
T (j)∗
λ1λ2;λ′1λ
′
2
(s)− T (j)
λ′1λ
′
2;λ1λ2
(s)
]
=
2
s
λ1/2(s,m21,m
2
2)
∑
λ˜1,λ˜2
Nλ˜1λ˜2T
(j)∗
λ˜1λ˜2;λ′1λ
′
2
(s)T (j)
λ˜1λ˜2;λ1λ2
(s)
+
∑
(ab)6=(12)
2
s
λ1/2(s,m2a,m
2
b)
∑
λa,λb
NλaλbT (j)∗λaλb;λ′1λ′2(s)T
(j)
λaλb;λ1λ2
(s)
+
1
16pi
∫
dγ(2pi)4δ(4)(Pγ − Pα)T (j)∗γ;λ′1,λ′2,λ1−λ2(γ; s)T
(j)
γ;λ1,λ2,λ1−λ2(γ; s), (4.27)
where the first two lines correspond to the splitting between the elastic and inelastic parts
of two-particle |γ〉 states. We further assume that λ′1 = λ1 and λ′2 = λ2. In particular,
then on the left side of eq. (4.27) both T (j) are partial wave amplitudes of the same elastic
scattering with no helicity flip. Moreover, the last line in (4.27) simplifies to
1
16pi
∫
dγ(2pi)4δ(4)(Pγ − Pα)
∣∣∣T (j)γ;λ1,λ2,λ1−λ2(γ; s)∣∣∣2 (4.28)
and (4.27) can be rewritten as
[
ReT (j)λ1λ2;λ1λ2(s)
]2
+
[
ImT (j)λ1λ2;λ1λ2(s) +
sλ
−1/2
12
2Nλ1λ2
]2
=
s2λ−112
4N2λ1λ2
−R2j (s), (4.29)
where R2j (s) is positive-definite and reads
R2j (s) =
∑
(λ′1λ
′
2)6=(λ1λ2)
Nλ′1λ′2
Nλ1λ2
∣∣∣T (j)λ′1λ′2;λ1λ2(s)∣∣∣2
+
∑
(ab)6=(12)
∑
(λaλb)
Nλaλb
Nλ1λ2
λ
1/2
ab
λ
1/2
12
∣∣∣T (j)λaλb;λ1λ2(s)∣∣∣2
+ (a term proportional to (4.28)) . (4.30)
The eq. (4.29) implies that the amplitude T (j)λ1,λ2;λ1,λ2(s) of the elastic scattering with no
change of helicities must lie on a circle, the so-called Argand circle, whose radius in not
38 Constraints on scattering amplitudes from unitarity
Figure 4.1: Argand circles: if inelastic channels are closed, i.e. if R2j (s) = 0, (left) the
radius is sλ1/2/2Nλ1λ2 ; if inelastic channels are open (right) the radius is smaller. Partial
amplitudes of the elastic scattering must lie on the Argand circle. Short-dashed lines show
possible partial elastic scattering amplitudes in a weakly coupled theory (small corrections
in the perturbative expansion) whereas the long-dashed ones illustrate elastic scattering
amplitudes typical for a strongly coupled (nonperturbative) theory; [77].
grater than sλ−1/212 /2Nλ1λ2 and the center is at the point (0,−sλ−1/212 /2Nλ1,λ2) in the
complex plane, as shown graphically in Figure 4.1. This shows, that the elastic scattering
amplitude must have a nonzero imaginary part, which grows as more and more inelastic
channels open up with increasing
√
s. Hence, at high energies elastic scattering amplitudes,
at least with no helicity flip, are typically predominantly imaginary. In particular eq. (4.29)
implies the following unitarity bounds on the partial waves for each j separately:
Nλ1λ2
∣∣∣T (j)λ1λ2;λ1λ2(s)∣∣∣ ≤ sλ1/2(s,m21,m22) ,
Nλ1λ2
∣∣∣ReT (j)λ1λ2;λ1λ2(s)∣∣∣ ≤ s2λ1/2(s,m21,m22) ,
− s
λ1/2(s,m21,m
2
2)
≤ Nλ1λ2 ImT (j)λ1λ2;λ1λ2(s) ≤ 0. (4.31)
Moreover, since R2j (s) cannot exceed s
2λ−112 /4N
2
λ1λ2
(the right hand side of (4.29) must be
positive), one also obtains the bounds on partial wave amplitudes of any two-body (not
necessarily elastic) scattering:√
NλaλbNλ1λ2
∣∣∣T (j)λaλb;λ1λ2(s)∣∣∣ ≤ s2λ1/4(s,m2a,m2b)λ1/4(s,m21,m22) . (4.32)
Interestingly, at the reaction threshold, where λ1/2(s,m2a,m2b) = 0, the bounds disappear.
On the other hand, if
√
s is much greater than any of the masses involved, which is the
case we shall assume in the context of later analysis, the unitarity bounds become:
Nλ1λ2
∣∣∣T (j)λ1λ2;λ1λ2(s)∣∣∣ ≤ 1, (4.33)
Nλ1λ2
∣∣∣ReT (j)λ1λ2;λ1λ2(s)∣∣∣ ≤ 12 , (4.34)
−1 ≤ Nλ1λ2ImT (j)λ1λ2;λ1λ2(s) ≤ 0, (4.35)√
NλaλbNλ1λ2
∣∣∣T (j)λaλb;λ1λ2(s)∣∣∣ ≤ 12 . (4.36)
The bounds (4.33)- (4.36) have been derived assuming only that the evolution of the quan-
tum system is unitary. In particular they do not rely on any perturbative expansion.
Scattering amplitudes derived from QFT models which (are believed to) give rise to uni-
tary S-matrices should in principle, respect these bounds. Interestingly however, since
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elastic scattering partial wave amplitudes computed in the lowest order of the perturbative
expansion in QFT are (usually) real (i.e. lie on the horizontal axis in Fig. 4.1), they cannot
satisfy the unitarity relation (4.29). Higher order contributions must therefore bring elastic
amplitudes back on the Argand circle. Two cases can be then distinguished:
1. If the absolute value of the real part of the lowest order amplitude is bounded by
1/2Nλ1λ2 (compare with eq. (4.34)), loop contributions required to restore unitarity
can be relatively small and the perturbative expansion is likely to be reliable.
2. In contrast, if the real part of the lowest order amplitude exceeds 1/2Nλ1λ2 , the
necessary higher order contributions must be comparable or even larger than the
lowest order term and the perturbative expansion evidently fails.
Therefore the value 1/2Nλ1λ2 emerges as a characteristic value above which elastic
scattering partial waves with no spin flip violate perturbative unitarity. If the tree-level
amplitude is real, then the bound (4.34) is just stronger than (4.33), and (4.35) does not
play any role. Similarly, one can argue that the characteristic scale of perturbative unitarity
violation by partial waves in case of non-elastic scattering (or elastic with spin flip) can be
identified with 1/(2
√
NλaλbNλ1λ2) (see eq.(4.36)).
In practice, the magnitude of the tree-level amplitudes depends usually on the energy√
s. In renormalizable theories the lowest order amplitudes are bounded in the asymptotic
region
√
s → ∞ by some constants and reliability of the perturbation expansion depends
on the magnitude of such a limiting value, i.w. whether such a constant is smaller or bigger
than 1/2
√
NλaλbNλ1λ2 . Interestingly in the SM, which is a renormalizable QFT, the gauge
boson scattering amplitude is limited in the asymptotic region by a constant proportional
to the Higgs boson mass – the larger the mh the closer it is to the unitarity bound; see
Sec. 5 for the corresponding discussion.
In non-renormalizable theories the amplitudes usually grow with
√
s and above some
critical energy the perturbation expansion unavoidably breaks down; EFT Lagrangians
(non-renormalizable operators) typically generate amplitudes that grow with the energy.
Therefore, since we shall investigate gauge boson elastic scattering at tree-level with
real three-level amplitudes, we shall apply the perturbative unitarity bound in the form
of (4.34), when examining various effective phenomenological (non-remormalizable) models
later on.
The bounds (4.31), (4.32) and (4.33) – (4.36) can be further optimized. To see this we
first go back to eq. (4.27), i.e. we assume that the two-particle states |α〉 and |β〉 have
the same particle content but both λ′1 = λ1 and λ′2 = λ2 are not assumed any more. We
promote T (j)
λ1λ2;λ′1λ
′
2
entities to matrix elements of a matrix T (j):
[T (j)]λ1λ2,λ′1λ′2 = T
(j)
λ1λ2;λ′1λ
′
2
(4.37)
(λ1λ2) is the first and (λ′1λ′2) is the second index. We make this identification in each line
of eq. (4.27). Hence we look at eq. (4.27) as a matrix equation of (2s1 + 1) × (2s2 + 1)
matrices, where s1 and s2 denote spin quantum number of particles (1) and (2) in |α〉. The
factors Nλ˜1λ˜2 are also promoted to squares of diagonal matrices N :
[N ]λ1λ2,λ˜1λ˜2 ≡ δλ1λ2,λ˜1λ˜2
√
Nλ˜1λ˜2 ,
[Nab]λ1λ2,λaλb ≡ δλ1λ2,λaλb
√
Nλaλb .
(4.38)
The matrix form of eq. (4.27) reads (the superscript (j) shall be implicit in all matrix
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equations):
−i
[
T † − T
]
=
=
2
s
λ
1/2
12 T †NNT
+
∑
(ab)
2
s
λ
1/2
ab T †abN2abTab
+
1
16pi
T †γ Tγ , (4.39)
where in the last line the matrix Tγ has continuous row index or equivalently the allowed
integration region is discretized and the row index runs also over the discretized integration
points; the subscripts (ab), γ were used to explicitly distinguish different matrix identifica-
tions in each line. Now, we multiply eq. (4.39) both from left and right by the matrix N .
Diagonalizability of the matrix NT N is implied by diagonalizability of the unitary matrix
S. We denote the unitary matrix that diagonalizes NT N by UN :
TND ≡ U †NNT NUN , TND is diagonal. (4.40)
Hence, we multiply (4.39) from left by U †N and from right by UN . The diagonal matrix
elements of the last two terms, after the multiplications in eq. (4.39), are positive definite,
since they still can be written as matrix multiplications of the type A†A. The left side
and the first term on the right side are now diagonal matrices with entries T (j),k, where
k = 1, 2, . . . , (2s1 + 1) × (2s2 + 1). The equation can be rewritten in the form analogous
to that of eq. (4.29) for the diagonal entries of TND:
[
ReT (j),kND (s)
]2
+
[
ImT (j),kND (s) +
sλ
−1/2
12
2
]2
=
s2λ−112
4
−R2j (s), (4.41)
where now the R2j involves only the inelastic part, i.e. contributions from the last two lines
in eq. (4.39). As previously (eq. (4.31), (4.32) and eq. (4.33) - (4.36)), unitarity bounds
emerge, where the difference with the previous bounds is that T (j)λ1λ2;λ1λ2 are replaced with
T (j),kND and there are no explicit Nλ1λ2 etc. factors; in the limit s→∞:∣∣∣T (j),kND (s)∣∣∣ ≤ 1, (4.42)∣∣∣ReT (j)ND(s)∣∣∣ ≤ 12 , (4.43)
−1 ≤ ImT (j)ND(s) ≤ 0. (4.44)
Compared to (4.29) now the R2j term in eq. (4.41) does not involve elastic part with spin
flip, since this part has been diagonalized. Hence, the diagonalization absorbed the elastic
part of R2j . In (4.29) where no diagonalization was performed, the spin flip part contributes
to R2j as visible in eq. (4.30). The larger the R
2
j the more stringent the bounds from
eq. (4.29) would be, but the bounds in eq. (4.31) - (4.36) assumedR2j = 0. Hence accounting
for the elastic spin flip part in the non-diagonalized case, would make the bounds (4.31) -
(4.36) stronger. Again, since after diagonalization this elastic part disappears, it must
accounted for in the entries T (j),kND . It suggests therefore that the unitarity bounds (4.42) -
(4.44) are stronger than (4.33) - (4.35). We checked that it is indeed true in the same and
opposite sign on-shell WW scattering (Sec. 7.1.4, 7.1.4 and the Appendices B, C).
The bounds on non-elastic partial waves, i.e. (4.32) and (4.36) can also be further
optimized by appropriate diagonalization. To this end we go back to eq. (4.26), i.e. we
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do not assume that the particle content in |β〉 and |α〉 is the same. We promote both
T (j)
λ1λ2;λ′1λ
′
2
and T (j)
λaλb;λ
′
1λ
′
2
to the matrix elements of the same (large) square matrix T ′(j) of
dimension:
∑
(ab)
(2sa + 1)(2sb + 1), i.e. the matrix indices run over all two particle states
and the particles’ helicities. The factors Nλaλb are also promoted to a square of a diagonal
matrix N ′, as previously. The factors 1sλ
1/2(s,m2a,m
2
b) are to be thought of as absorbed
in the matrix N ′. The integral dγ term shall be promoted to a multiplication of a matrix
and its Hermitian conjugate, as before; the latter matrix shall be denoted by T ′γ . All in
all, the matrix form of eq. (4.26) reads:
−i
[
T ′† − T ′
]
=
= 2T ′†N ′N ′T ′
+
1
16pi
T ′γ †T ′γ , (4.45)
As previously, we multiply eq. (4.45) from both left and right by N ′, from left by U ′N
† and
from right by U ′N , where U
′
N is a unitary matrix such that
T ′ND ≡ U ′N †NT ′N ′U ′N , T ′ND is diagonal. (4.46)
obtaining in turn the following equations for the (diagonal) matrix elements T ′(j),kND of
T ′(j)ND:[
ReT ′(j),kND (s)
]2
+
[
ImT ′(j),kND (s) +
1
2
]2
=
1
4
−R2j (s), k = 1, 2, . . . ,
∑
(ab)
(2sa+1)(2sb+1).
(4.47)
Again, unitarity bounds emerge: ∣∣∣T ′(j),kND (s)∣∣∣ ≤ 1, (4.48)∣∣∣ReT ′(j)ND(s)∣∣∣ ≤ 12 , (4.49)
−1 ≤ ImT ′(j)ND(s) ≤ 0. (4.50)
Now, the R2j (s) term in eq. (4.50) includes only the inelastic part corresponding to three
or more particle states |γ〉, i.e. diagonalization in the space of all binary reactions and the
helicities further optimizes both the unitarity bounds (4.42) - (4.44) and (4.36).
In principle, one could proceed further and ultimately diagonalize each (j) whole partial
wave. In practice any explicit step further that what presented above is cumbersome, as it
requires explicit decomposition of states with more that two particles into partial waves,
which is highly non-trivial.
Chapter 5
Vector boson scattering in the SM
In this Section we discuss tree-level on-shell scattering of gauge bosons V V → V V in the
SM. We focus on the scattering of massive fields: while the massless gauge boson interac-
tions (Yang-Mills) are renormalizable and in particular the perturbative unitarity holds,
the mass can be introduced in a renormalizable way, only via a specific mechanism (in
the case of SM it is the Higgs mechanism). It implies a special role of the Higgs particle
fluctuating in Feynman diagrams. We illustrate how cancellations between Feynman dia-
grams of scattering amplitudes take place, leading to fulfilment of perturbative unitarity
bounds in the SM. The exchange of h is essential to these cancellations. Also, we study the
energy dependence of the on-shellW+W+ elastic scattering total unpolarized cross section
and its polarized components. The latter reaction will be studied phenomenologically in
Chapter 7.
A massive gauge boson, has 3 spin states. We choose to work in the helicity basis,
hence the polarizations are: right (+), left (-) and longitudinal (0). Therefore one con-
siders an amplitude iM(ij → kl) corresponding to a certain helicity configuration (ijkl)
of the four V system, i, j, k, l ∈ {+,−, 0}. There are 34 = 81 such amplitudes. Tree-level
VV scattering implies that fermions do not enter the diagrams. Since the only source of
C, P, T violation are the Yukawa interactions, no violation of the discrete symmetries is
present in VV scattering at LO. In general, in VBS the 81 polarizations can be divided
into classes that yield the same (polarized) cross sections due to relations between various
helicity amplitudes guaranteed by some of these discrete symmetries and/or Bose statis-
tics [78]. Which symmetries can be applied to reduce the number of amplitudes, depends
on the reaction. In case of elastic same-sign WW scattering one can apply P, T and Bose
statistics. The number of polarization classes is 13. We choose representatives of each class
as follows:
- - - - - - - 0 - - - + - - 0 0 - - 0 + - - + + - 0 - 0
- 0 - + - 0 0 0 - 0 0 + - + - + - + 0 0 0 0 0 0
Each class has a certain number of helicity configurations. For the above classes these
numbers read
2 8 8 4 8 2 8
16 8 8 4 4 1,
respectively. The corresponding multiplicity factors must be accounted for, while comput-
ing the cross section. In case of the opposite-signWW scattering there are 17 independent
helicity configurations. Here, applicable are C,P and T . We choose the following represen-
tatives:
- - - - - - - 0 - - - + - - 0 0 - - 0 + - - + + - 0 - 0 - 0 - + - 0 0 -
- 0 0 0 - 0 0 + - 0 + - - 0 + 0 - + - + - + 0 0 - + + - 0 0 0 0 .
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The corresponding multiplicities read:
2 8 8 4 8 2 4 8 4
8 4 8 4 2 4 2 1.
In case of the W+W− → ZZ scattering, one can apply C,P and Bose symmetry for
the ZZ pair. There are 20 independent helicity configurations:
- - - - - - - 0 - - - + - - 0 0 - - 0 + - - + + - 0 - - - 0 - 0 - 0 - +
- 0 0 0 - 0 0 + - 0 + + - + - - - + - 0 - + - + - + 0 0 0 0 - - 0 0 - 0
0 0 - + 0 0 0 0 .
The corresponding multiplicities read:
2 4 4 2 4 2 4 8 8
4 8 4 4 8 4 2 2 4
2 1.
In case of the W+Z → W+Z scattering, one can apply P, T . There are 25 independent
helicity configurations:
- - - - - - - 0 - - - + - - 0 - - - 0 0 - - 0 + - - + - - - + 0 - - + +
- 0 - 0 - 0 - + - 0 0 - - 0 0 0 - 0 0 + - 0 + - - 0 + 0 - + - + - + 0 -
- + 0 0 - + 0 + - + + - 0 - 0 - 0 - 0 0 0 - 0 + 0 0 0 0 .
The corresponding multiplicities read:
2 4 4 4 4 4 4 4 2
2 4 4 4 4 4 2 2 4
4 4 2 2 4 2 1 .
All the relations between different helicity amplitudes, guaranteed by C and/or P and/or
T and/or Bose statistics, have been confirmed by explicit analytical calculations in all the
four V V → V V reactions.
Polarizations for a massive vector boson read:
µ− =
1√
2
(0,+1− i, 0) (left),
µ+ =
1√
2
(0, 1− i, 0) (right),
µ0 = (k, 0, 0, E)/m (longitudinal),
(5.1)
in the frame in which the tree-momentum of kµ is in the z direction. Hence, each longi-
tudinal polarization introduces
√
s energy factor in the relativistic limit; s ≡ (p + p′)2 is
the Mandelstam variable. Hence, if there is no momentum dependence in all the vertices
constituting a diagram, then the longitudinal scattering amplitude, i.e. VLVL → VLVL,
factors as s2 in that diagram. If there are several diagrams for the tree-level amplitude and
if there were no cancellations between diagrams, it would lead to perturbative unitarity vi-
olation above a certain scale sU in that process. In fact, there are 7 diagrams contributing
toW+W+ →W+W+ at LO: t and u channel exchange of Zµ, Aµ, h and the contact gauge
diagram. In particular the contact diagram has no momentum dependence (eq.(2.27)) in
the SM. Cancellations must take place, which is guaranteed in models with gauge symme-
try (also exhibiting SSB) that are constructed with renormalizable operators only [79,80].
In the end, the SM amplitudes behave at most as constants asymptotically in energy, i.e
as ∼ s0. The case of W+W+ → W+W+ is illustrated in Tab. A.1 in the Appendix, for
all the independent helicity combinations. In the second column shown are would-be am-
plitudes where only the t,u channel Zµ and Aµ exchange diagrams are summed. In the
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fourth column the contact gauge diagram is in addition accounted for. Only the leading
terms in the asymptotic limit s → ∞ are shown for each helicity amplitude. In column
third (fifth) shown are the exponents n of the asymptotic behavior iM ∼ sn from column
second (fourth), for the reader’s convenience.
One can see that in the second column many amplitudes growth with energy, at most
as s2. The s2 energy dependence is however only the case of pure longitudinal scatter-
ing. This growth with energy is considerably reduced after the contact diagram is added,
leading to all of the amplitudes to behave at most as constant, except for the longitudi-
nal scattering which still grows as s1. In the last column shown is the behavior after the
two Higgs exchange diagrams are added. It further reduces the asymptotic behavior in
several helicity configurations and regularizes the longitudinal amplitude behavior. The
analytical formulae for the asymptotically leading terms corresponding to the full tree-level
amplitudes are presented in Tab. A.2.
The tables with analogous results for the W+W− → W+W− process are Tab. A.3
and A.4. The latter reaction was determined with the amplitude for W+W+ crossed and
the situation in W+W− is very similar to the W+W+ case. Results for W+W− → ZZ
are presented in Tab. A.5 and A.6. Similarly, the reaction W+Z →W+Z was determined
via W+W− → ZZ amplitude crossing and Tab. A.7 and A.8 correspond to this case.
In all four reactions the perturbative unitarity is preserved. Any shifts of SM couplings
would result in spoiling these cancellations, leading to growth of some of the helicity
amplitudes with energy. At a certain energy scale perturbative unitarity would be violated,
which corresponds to strong interaction regime, i.e. sizeable cross section deviations from
the SM predictions. The origin of such anomalous couplings would be new physics effects.
This is why VBS is considered sensitive to BSM.
Strictly speaking the fact that in the SM the gauge bosons scattering helicity amplitudes
behave at most as constant in the asymptotic region
√
s→∞, does not necessarily imply
fulfilment of tree-level unitarity – in principle one has to check the unitarity bounds,
e.g. (4.34). Since the amplitudes depend on the Higgs mass which appears in numerators
of iM (see tables A.2, A.4, A.6, A.8), the tree-level unitarity can be in principle violated, if
the Higgs mass was large enough. To find the corresponding upper bound on mh we shall
analyse now partial wave amplitudes and account for the perturbative unitarity bound
from eq. (4.34). In order to compute for the partial waves it is enough to make use of the
partial wave expansion ofM eq. (4.15) by performing projection using the property (4.10):
T (j)
λ′1λ
′
2;λ1λ2
=
1
32pi
∫ pi
0
dϑ sinϑMβαD(j)λ1−λ2;λ′1−λ′2(ϕ = 0, ϑ), (5.2)
in which the azimuth dϕ integration has been already accounted for. The partial waves
for the minimal value of j for all helicity combinations in: W+W+ →W+W+, W+W− →
W+W−, W+Z →W+Z, W+W− → ZZ are presented in Tab. A.9, A.10, A.11 and A.12,
respectively. Again, only the leading in
√
s in the limit s→∞ terms are shown. Moreover,
the results on the partial waves correspond to subtraction, prior to the integration, of the
Coulomb singularities if and only if such singularity would result in singular integration
– infinite range interactions cannot be expanded into partial waves; formally each partial
wave is infinite in such case. However the subtraction is justified – one could turn off
the electromagnetic interactions by going to g′ → 0 and examine perturbative unitarity
fulfilment by the other forces; the subtraction of the Coulomb poles is an alternative to
considering the g′ → 0 limit.
From the tables one can see that in all four reactions the fully longitudinal partial
waves approach a constant at
√
s → ∞ and simultaneously have mh in their numerators.
Hence at large enough Higgs mass, for which the tree-level unitarity is already violated,
perturbative calculations stop making sense (at any
√
s). Using the perturbative unitarity
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bounds from eq. (4.34) and (4.36) one obtains the following upper bounds on the Higgs
mass:
W+W+ W+W− W+W− → ZZ W+Z →W+Z
mh .M, M [GeV] = 1236. 869. 1462. 1235.
The common bound is around 1 TeV, which determined the investigated Higgs boson mass
range in the electroweak precision indirect Higgs searches (Fig. 2.3). Since mh =
√
2λv,
one can translate the above bounds into the bounds of the scalar self-interaction coupling
λ; these read:
W+W+ W+W− W+W− → ZZ W+Z →W+Z
λ . X, X = 12.64 6.25 17.66 12.62
Interestingly the common upper bound from tree-level unitarity is around O(10) which is
>> 1.
The total unpolarized on-shell V V → V V cross section reads schematically:
σ ∼ 1
9
∑
i,j,k,l
|A(ij → kl)|2 , (5.3)
where A is the scattering amplitude. There are orders of magnitude differences concerning
contributions of different helicities to (5.3). Only a few helicity configurations contribute
non-negligibly at high VV energy (MV V ). We refer to such helicities as saturating helicities.
The total unpolarized cross section decomposition into the saturating helicities in the case
of the SM for the W+W+ → W+W+ reaction is shown in Fig. 5.1. All cross sections
are computed with a 10◦ cut in the forward and backward scattering regions, in order to
regularize the Coulomb singularity. The four saturating helicity configurations visible in
Fig. 5.1 are the only ones whose scattering amplitude is asymptotically constant in energy.
The remaining helicity configurations behave asymptotically at most as 1/s, hence their
suppression at largeMWW . The contributions of various helicity combinations to the total
unpolarizedW+W+ cross section at
√
s = 1 TeV are shown numerically in the last column
in Tab. A.2 (in pb). The cross section is dominated by fully transverse configurations
WTWT →WTWT , while the fully longitudinal component constitutes about 2%.
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Figure 5.1: Contributions of different helicities (multiplicity taken into account) to the total
unpolarized cross section as a function of the center-of-mass collision energy (ECM ≡
√
s,
in TeV) in the SM. The total cross section is shown in blue.
Chapter 6
Effective Field Theory approach
In this Chapter we discuss the most important features of the EFT approach by discussing
the two different EFTs that have been constructed to parametrize possible BSM effects.
They correspond to two different directions of thoughts on the EW symmetry breaking
mechanism (EWSB), that have emerged in the last decades. According to the first one,
the EWSB mechanism is due to the linearly realised dynamics of the Higgs sector such as
in the SM. The alternative consists in a non-linearly realised dynamics of the Higgs sector,
typically occurring in the so-called Composite Higgs (CH) models. Both approaches are
however based on the SM gauge symmetry GSM and the gauge symmetry breaking pattern
in eq. (2.57). These two distinct EFT approaches to indirect BSM searches are introduced
in Sec. 6.1 and 6.2.
We put the EFT approach into better known perspective by discussing first the inter-
esting analogy with the relation between QED and SM:
QED −→ SM
SM −→ ?
QED is a renormalizable QFT which gives precise predictions for electromagnetic processes
(at low energy). But it is only an effective theory, low energy approximation to the SM.
Hence we know that its predictions disagree with experiment at the level ∼ O(E/mW ),
where E is the characteristic energy for a given process. Starting from SM we can derive
effective QED by decoupling heavy degrees of freedom, i.e. W and Z bosons, obtaining:
• the renormalizable LQED,
• and corrections: non-renormalizable operators, which give corrections to electromag-
netic processes of order O(E/mW,Z).
Importantly, these corrections are invariant under the local U(1)EM .
For example, one can consider the lepton magnetic moment. It gets one loop con-
tributions from the diagrams depicted in Fig. 6.1. Thus, for the nonrelativistic effective
interaction with the magnetic moment one obtains:
Heff = e
2ml
σ ·B(1 + α
2pi
+O
(
α
m2l
M2W
)
+ . . .), (6.1)
where the role of the energy scale is played by the lepton mass ml. The weak correction is
calculable in the full electroweak theory, but at the level of QED as an effective theory, it
has to be added as a new non-renormalizable interaction:
LeffQED = LQED +
ml
m2W
e¯ σµν e F
µν + . . . (6.2)
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Figure 6.1: One loop contributions to the anomalous lepton magnetic moment in the SM.
This would have been a way to discover weak interactions (and to measure the weak scale)
in purely electromagnetic processes: one extends QED to a non-renormalizable theory
by adding higher dimension operators and looks for their experimental manifestation in
purely electromagnetic processes once the experimental precision is high enough. Such
approach shall be referred to as the bottom-up approach. The example illustrates the true
usefulness and aim of the bottom-up EFT approach: to learn something about the BSM
physics, i.e. its couplings and its scale Λ prior to discovering heavy particles directly, in
case of a considerable mass gap. The effective couplings (usually dimensionless) in front
of the operators parametrize then our ignorance about the high-energy dynamics in a
model-independent way, i.e. only certain symmetries are postulated in the effective theory.
In general, one can distinguish two types of higher dimension operators constituting
the effective QED: the ones that respect (e.g. (6.2)) or violate the conservation of quantum
numbers that are accidentally conserved in QED (global symmetries), for example the
flavour number of the charged lepton. The corrections that violate the flavor number
of the charged lepton, manifest themselves as weak interactions – in the form of non-
renormalizable four fermion operators – example of which can be obtained if the tree-level
amplitude for the process µ− → e−ν¯eνµ is analysed. The latter process is governed by
charge current weak interactions described by eq. (2.90):
A =
(−ig√
2
)2
(ν¯µγ
µPLµ)(e¯γ
νPLνe)
( −igµν
p2 −m2W
)
, (6.3)
where PL is the left chirality projection and pµ is the four-momentum transfer carried
by the virtual W propagator. The latter is of order mµ, hence p << mW . Under such
circumstances the propagator can be expanded:
1
p2 −m2W
= − 1
m2W
(
1 +
p2
m2W
+
p4
m4W
+ . . .
)
. (6.4)
The effective description emerged – after expansion, each term in (6.4) corresponds to a
non-renormalizable operator: the first term contributes to the amplitude as
A =
i
m2W
(−ig√
2
)2
(ν¯µγ
µPLµ)(e¯γ
νPLνe) +O
(
1
m4W
)
, (6.5)
and the same amplitude would be produced by a D = 6 operator of the form:
− g
2
m2W
(ν¯µγ
µPLµ)(e¯γ
νPLνe). (6.6)
The above current-current interaction constitutes part of the LeffQED. We introduce notation
in which L˜6 denotes sum of the D=6 operators, L˜8 denotes sum of the D=8 operators, etc.
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Then,
L˜6 ⊃ −g2(ν¯µγµPLµ)(e¯γνPLνe), LeffQED = LD≤4 +
L˜6
m2W
+ . . . (6.7)
The region of validity of LEFT is for energies below mW , otherwise the expansion (6.4)
does not make sense. The rest of L˜6 is obtained by accounting for the remaining tree-level
W and Z boson exchange processes.
Historically the bottom-up approach to weak interactions was first taken to successfully
describe the neutron beta decay, long before the SM with its electroweak unification was
known [81]. At the level of the effective QED, the u → d transition is governed by the
effective operator:
− 4GF√
2
Vud(d¯γ
µPLu)(e¯γ
µPLνe). (6.8)
Since no new massive particles had been observed in the data at that time, EFT
provided an adequate framework to describe the decay. The successful low-energy theory of
weak interactions may serve as a proof of principle of efficiency of the bottom-up approach.
6.1 SMEFT
We now treat the SM as a low energy effective theory of some unknown more fundamental
one, where there exist new degrees of freedom at the scale Λ (analogue ofmW in the effective
QED example), and their existence is manifested at the E << Λ as higher dimensional
operators that supplement the SM.
The simplest possibility to construct EFT for the SM particle content is to assume that
the 125 GeV particle belongs in the deeper theory, as it is in the SM, to the scalar doublet.
The doublet transforms linearly under GSM . The EW symmetry is then realized linearly
on this scalar doublet. This approach is called SM Effective Field Theory (SMEFT). In
principle, the allowed series of higher-dimension operators is infinite:
LSMEFT ≡ LSM + ∆L ≡ LSM +
∑
D>4
∑
i
f
(D)
i O(D)i , (6.9)
where O(D)i denotes the operators of canonical dimension D that are allowed by SM gauge
symmetry. The basic building blocks of the operators are the SM fields, including the
scalar doublet that subsequently triggers SSB. Hence the SMEFT is constructed for the
unbroken phase. The following identification holds for the effective (Wilson) coefficients
fi:
fi =
c
(D)
i
ΛD−4
, (6.10)
c
(D)
i are dimensionless quantities, to be identified – up to normalization choices
1 for the
operators Oi – with combinations of couplings present in the underlying deeper QFT that
embeds the SM. Usually Λ is identified with a mass scale of new particles. For the following
discussion it is convenient to combine all operators of dimension D in the L˜D:
LSMEFT = LSM +
∑
D>4
∑
i
c
(D)
i O(D)i
ΛD−4
≡ LSM +
∑
D>4
L˜D
ΛD−4
(6.11)
= LSM + L˜5
Λ
+
L˜6
Λ2
+ . . . (6.12)
1The physically well justified normalization in which the constants ci have the most straightforward
interpretation in terms of BSM couplings is discussed in Sec. 7.1.2
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In particular, the fact that LSM constitutes very good physics description, together with
no new heavy states present at currently available energies suggests, that there is a large
enough gap between the EW scale v and some scale Λ, v << Λ, because the larger the gap
the larger the suppression of the effects of D > 4 effective operators; we justify the latter
statement below.
Let’s consider a scattering amplitude A for a binary reaction. On the one hand, the am-
plitude is dimensionless. On the other, single insertion of an effective operator of dimension
D > 4 gives a contribution to A of order:
A ∼ 1
ΛD−4
. (6.13)
By dimensional analysis the remaining dimensions must be produced by some kinetic fac-
tors – the amplitude must remain dimensionless:
A ∼
( p
Λ
)D−4
, (6.14)
where p denotes energy scale of the process. Therefore, in general an insertion of a set of
D > 4 operators in a diagram, leads to a contribution to an amplitude
A ∼
( p
Λ
)n
, (6.15)
where
n =
∑
i
(Di − 4); (6.16)
the sum over i is over the inserted operators into a given diagram. It holds for any diagram,
tree or loop [11]. The power counting formula (6.15) tells how to systematically organize
the calculation in QFT. The leading order is governed by the renormalizable part. The
p/Λ corrections are given by a single insertion of L˜5. The (p/Λ)2 corrections are given by
diagrams with a single insertion of L˜6 or two insertions of L˜5, etc. Hence in effective QFT
p/Λ plays the role of an expansion parameter. Obviously it make only sense to use the EFT
expansion in p/Λ as long as p < Λ. In fact, the SMEFT is renormalizable order by order
in the expansion in 1/Λ: independently from the number of loops of a given diagram, the
quantum corrections calculated from the Lagrangian truncated at some order of 1/Λ and
calculated to the same order in 1/Λ can be renormalised by the couplings present in the
effective Lagrangian, i.e. all the necessary counterterms are already present. The effective
Lagrangian is systematically expandable in the canonical dimension D, or equivalently in
powers of 1/Λ.
Determination of a complete and non-redundant set (basis) of higher-dimension oper-
ators in SMEFT is highly non-trivial. For example, two operators can differ by equations
of motion. Such operators are equivalent and only one is to be included in the basis.
There are more such constraints, e.g. Fierz identities. The basis of D ≤ 6 operators
has been found relatively recently [14]. Several bases, more suitable in various contexts,
have been also developed [82]. The number of independent operators in any basis is the
same. Below B and L denote baryon and lepton quantum numbers. Assuming only one
generation of quark and leptons, there are: 76 operators of D = 6 that preserve B and L
(∆B = ∆L = 0), 8 D = 6 operators that have ∆B = ∆L = ±1, and 2 operators of D = 5
that have ∆L = ±2. Assuming 3 generations, the number of operators increases consid-
erably: it is 2499, 546, 12 respectively. Hermitian conjugates are treated as independent
operators in the above counting. Hence the counting is equivalent to counting the number
of all free real parameters appearing in front of all non-renormalizable operators of D ≤ 6.
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6.2 HEFT
We discuss now the EFT based on the non-linear approach to the EW symmetry (HEFT).
The construction and possible physical interpretations in the deeper theory will be il-
lustrated on two examples: first, the so-called linear sigma model which will serve as
a toy-model and second, the description of interactions between pseudoscalar mesons in
QCD (for comprehensive reviews and/or lecture notes see e.g. [83–86]; here we highlight
the most important aspects). Both examples are motivated by the fact that they feature
the same global SSB pattern as in the SM. The latter aspect is discussed in sec 6.2.3. The
HEFT basis is discussed afterwards in sec 6.2.4.
6.2.1 The linear sigma model
We consider a scalar 4-plet ΦT ≡ (pi1, pi2, pi3, σ) ≡ (~pi, σ) described by a SO(4) symmetric
Lagrangian:
Lσ = 1
2
∂µΦ
T∂µΦ− µ
2
2
ΦTΦ− λ
4
(
ΦTΦ
)2
. (6.17)
The µ2 sign choice: µ2 < 0 triggers SSB; −µ2 = 2λv2. Adopting the vacuum choice
〈0|σ |0〉 = v, 〈0|~pi |0〉 = 0 (6.18)
and parametrizing the fluctuations around the vacuum σˆ = σ − v the Lagrangian reads:
Lσ = 1
4
(
∂µσˆ∂
µσˆ − 2λv2σˆ2 + ∂µ~pi∂µ~pi
)− λvσˆ (σˆ2 + ~pi2)− λ
4
(
σˆ2 + ~pi2
)2
. (6.19)
The vacuum is invariant under SO(3) rotations over the ~pi fields. Hence, the SSB pattern
is
SO(4)→ SO(3). (6.20)
The example is very similar to point B in Sec. 2.1.2, except now the choice is SO(4)
instead of SO(3). The fields ~pi are the three Goldstone bosons associated with the broken
generators.
We shall rewrite the scalar 4-plet in a form of a 2× 2 matrix
Σ(x) ≡ σ(x)I2 + i~τ~pi(x), (6.21)
where I2 is the identity matrix; Lσ can be rewritten as follows:
Lσ = 1
4
〈
∂µΣ
†∂µΣ
〉
− λ
16
(〈
Σ†Σ
〉
− 2v2
)2
, (6.22)
where 〈A〉 denotes trace of the matrix A. In this notation Lσ is explicitly invariant under
global G ≡ SU(2)L × SU(2)R defined as
Σ
G→ gLΣg†R, gL,R ∈ SU(2)L,R. (6.23)
However the vacuum choice is 〈0|Σ |0〉 = vI2. It means the vacuum is invariant only under
those transformations in eq. (6.23) satisfying gL = gR. This subgroup shall be referred
to as the diagonal subgroup and denoted as H ≡ SU(2)L+R. Therefore the pattern of
symmetry breaking in (6.22) reads:
SU(2)L × SU(2)R −→ SU(2)L+R. (6.24)
The physics content does not depend on the choice of fields redefinitions (see [87] and
references therein). The symmetry breaking patterns in eq. (6.24) and (6.20) must be
equivalent, which reflects the well known equialence of the corresponding groups.
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The field Σ can be rewritten using the polar decomposition:
Σ = (v + S(x))U(~φ), U(~φ) = exp
{
i
~τ
v
~φ(x)
}
, (6.25)
where S, ~φ are real fields. The transformations in eq. (6.23) are realized on these fields as
follows:
S
G−→ S, U(~φ) G−→ gLU(~φ)g†R, gL,R ∈ SU(2)L,R, (6.26)
i.e. the matrix U inherits the transformations of Σ. While the matrix U transforms linearly,
obviously the fields ~φ in the exponent transform non-linearly. The Lagrangian takes the
form
Lσ = v
2
4
(
1 +
S
v
)2 〈
∂µU
†∂µU
〉
+
1
2
(
∂µS∂
µS −m2SS2
)− m2S
2v
S3 − m
2
S
8v2
S4. (6.27)
The fields ~φ interact only through derivatives and are massless. They are the three Gold-
stone boson fields associated with the three generators broken. The remaining symmetry
SU(2)L+R is realized on the ~φ fields linearly – after expansion of U fields, each term in〈
∂µU
†∂µU
〉
is invariant under SU(2)L+R with ~φ forming an SU(2) triplet.
The massive field S can be integrated out, leading to an effective theory of Goldstone
bosons interactions. The larger the mass mS the more useful the EFT. At the leading
order the low-energy Lagrangian of the ~φ Goldstones reduces to:
L2 = v
2
4
〈
∂µU
†∂µU
〉
. (6.28)
The sub-leading term is generated by tree-level exchange of S. It reads:
L4 = v
2
8m2S
〈
∂µU
†∂µU
〉2
(6.29)
and is suppressed by a factor p2/M2 with respect to (6.28); any term in the series generated
by integrating out S is solely constructed in terms of the matrices U and its derivatives.
Remarkably, parametrization of the Goldstone triplet by the matrix U in eq. (6.25) with
its transformation property (6.26) is a direct consequence of the SSB pattern (6.24) – it is
universal and applies to any physics scenario that features the SSB pattern (6.24) [88,89]. In
particular any effective theory of Goldstone interactions, provided the SSB pattern (6.24),
is constructable on the same matrix U and its derivatives. Of course, depending on the
UV completion, differences appear at the level of effective coefficient values and interpre-
tation of the Goldstons. Moreover, the derivatives of the matrix U maybe covariant if
the global symmetry is (partially) gauged. In the example above the UV completion is
the Lagrangian (6.17), which is renormalizable with a linearly realized SO(4) on a scalar
4-plet, or equivalently SU(2)L × SU(2)R symmetry on a bi-doublet Σ. Nonetheless, the
same effective Lagrangian applies to any other scenario with the same SSB pattern. For
example it has been applied successfully to the QCD pi0, pi± mesons dynamics, where the
SSB is non-perturbative and the UV completion is QCD. The latter example is briefly
described in sec 6.2.2.
Hence, the bottom-up description of Goldstone dynamics corresponding to SSB pat-
tern (6.24) at low-energies requires the most general Lagrangian involving U, invariant
under transformations (6.26). It is straightforwardly generalized to the case of the follow-
ing symmetry breaking pattern
SU(nf )L × SU(nf )R −→ SU(nf )L+R, (6.30)
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i.e. when nf ≥ 2. The U field again transforms as in (6.26), only now gL ∈ SU(nf )L,
gR ∈ SU(nf )R. The form of the exponent inside U depends on nf . For nf = 2 it has
already been introduced:
U = exp
{
i
τaφa
f
}
, (a = 1, 2, 3), (6.31)
while for nf = 3 it reads
U = exp
{
i
λaφa
f
}
, (a = 1, . . . , 8), (6.32)
where f denotes the scale of spontaneous breaking of the global symmetry; λa are the
Gell-Mann matrices. We shall refer to the symmetry breaking pattern (6.30) as the chiral
symmetry breaking (χSB). Due to derivative interactions, Goldstones scattering ampli-
tudes vanish in the limit p → 0, where p represents typical external Goldstone momenta.
Correspondingly, the EFT of Goldstones, the so-called chiral EFT, is organized by the
number of derivatives, e.g. operator (6.28) is LO and (6.29) is NLO in the chiral expan-
sion. Assuming parity conservation the number of derivatives in each term is even; the
chiral EFT reads schematically:
LEFT (U) =
∑
2n
L2n (6.33)
where 2n denotes the number of derivatives. The zero-derivative term is trivial: U †U = I.
Hence the expansion starts with two derivatives. There is only one structure available at
LO:
L2 = f
2
4
〈
∂µU
†∂µU
〉
. (6.34)
The normalization is chosen such as to recover canonical Goldstone kinetic terms. At NLO,
depending of nf different number of independent terms appear. For nf = 3 one has:
LSU(3)4 = c1
〈
∂µU
†∂µU
〉2
+c2
〈
∂µU
†∂νU
〉〈
∂µU †∂νU
〉
+c3
〈
∂µU
†∂µU∂νU †∂νU
〉
, (6.35)
while for nf = 2 one has:
LSU(2)4 = c1
〈
∂µU
†∂µU
〉2
+ c2
〈
∂µU
†∂νU
〉〈
∂µU †∂νU
〉
. (6.36)
Concerning renormalizability: the Goldstones scattering diagram Γ scales as pdΓ , where
dΓ = 2L+ 2 +
∑
d
(d− 2)Nd, (6.37)
in which L denotes number of loops and Nd number of vertices of order O(pd). The
property goes under the name of the Weinberg power-counting theorem [90]. Thus, each
loop increases the momentum power suppression by two units. This establishes a crucial
power counting that allows to organise the loop expansion as a low-energy expansion
in powers of momenta. The leading O(p2) contributions are obtained with L = 0 and
Nd>2 = 0. Therefore, at LO one must only consider tree-level diagrams with L2 insertions.
At O(p4), one must include tree-level contributions with a single insertion of L4 (L =
0, N4 = 1, Nd>4 = 0) plus any number of L2 vertices, and one-loop graphs with the
LO Lagrangian only (L = 1, Nd>2 = 0). The O(p6) corrections would involve tree-level
diagrams with a single insertion of L6 (L = 0, N4 = 0, N6 = 1, Nd>6 = 0), one-loop graphs
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with one insertion of L4 (L = 1, N4 = 1, Nd>4 = 0) and two-loop contributions from L2
(L = 2, Nd>2 = 0).
The ultraviolet loop divergences need to be renormalized. This can be done order by
order in the momentum expansion, thanks to the Weinberg’s power-counting. Adopting a
regularization that preserves the symmetries of the Lagrangian, such as dimensional regu-
larization, the divergences generated by the loops have a symmetric local structure and the
needed counterterms necessarily correspond to operators that are already included in the
effective Lagrangian, because LEFT (U) contains by construction all terms permitted by the
symmetry. Therefore, the loop divergences can be reabsorbed through a renormalization
of the corresponding effective coefficients, appearing at the same order in momentum.
The chiral EFT is similar to the EFT with 1/Λ expansion, e.g. SMEFT. While the
latter is renormalized order by order in 1/Λ expansion, the former is renormalized order
by order in p expansion. The technical difference is that in SMEFT, at any fixed order in
1/Λ, arbitrary loop diagrams (unlimited D ≤ 4 vertices insertions) are renormalizable. On
the other hand in the chiral EFT the number of loops is limited at each fixed order in p.
6.2.2 Chiral perturbation theory in QCD
In this Section we discuss χSB in QCD. The QCD Lagrangian is defined in eq. (2.27).
In the massless limit and collecting Ψf in a flavor-space multiplet qT = (Ψu,Ψd, . . .) the
Lagrangian reads:
L0QCD = −
1
4
GaµνG
µν
a + iq¯Lγ
µDµqL + iq¯Rγ
µDµqR, (6.38)
where decomposition into left L and right R chiral components was used. Hence, in the
massless limit left and right quarks separate into two different sectors that communicate via
gluons exchange. As a consequence L0QCD is invariant under global SU(nf )L × SU(nf )R
transformations of the form
qL → gLqL, qR → gRqR, gL,R ∈ SU(nf )L,R, (6.39)
where nf denotes the number of quark flavors. Since quark mass terms violate explicitly
the chiral symmetry, the maximal sensible value of nf is nf = 3, i.e. qT = (u, d, s).
The corresponding conserved currents read
JaµL = q¯Lγ
µT aqL, J
aµ
R = q¯Rγ
µT aqR, (a = 1, . . . , n
2
f − 1), (6.40)
where T a denote the SU(nf ) generators. Since parity exchanges L with R, parity eigen-
currents can conveniently be introduced:
JaµV ≡ JaµL + JaµR ,
JaµA ≡ JaµL − JaµR ,
(6.41)
which are parity +1 and parity -1 conserved currents, respectively.
The chiral transformations (6.39) should constitute an approximately good symmetry
in the light quark sector (u, d, s). The symmetry would imply existence of degenerate
mirror multiplets with opposite chiralities. This in turn implies the existence of mirror
multiplets of opposite parity. However, while hadrons form multiplets of SU(3)L+R, no
mirror hadronic multiplets with parity p = −1 exist. Interestingly, the octet of pseudoscalar
mesons (pi+, pi−, pi0, η,K+,K−,K0, K¯0) is much lighter than the rest of the hadronic states.
These empirical facts indicate that the vacuum is not symmetric under the full chiral group.
Only those transformations with gR = gL remain a symmetry of the physical QCD vacuum.
Thus, the SU(3)L × SU(3)R symmetry is broken spontaneously to SU(3)L+R. The eight
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pseudoscalar mesons are to be identified with the Goldstones of spontaneously broken
chiral symmetry with nf = 3.
The nature of the SSB in QCD is different than in the linear sigma model discussed
previously. While in the sigma model the SSB was triggered by a scalar potential, in case
of QCD the effect is due to quark-antiquark condensate forming:
〈0| u¯u |0〉 = 〈0| d¯d |0〉 = 〈0| s¯s |0〉 6= 0. (6.42)
The effect is non-perturbative. The Goldstones are excitations over the condensate. Hence
they are composite objects, bound states of quark-antiquark pairs. Nevertheless as already
stated, due to universality of the goldstone matrix U , chiral EFT applies to describe the
pseudoscalar mesons dynamics. The Goldstones are represented by the matrix (6.32). The
explicit field content reads
λaφa ≡

1√
2
pi0 + 1√
6
η8 pi
+ K+
pi− − 1√
2
pi0 + 1√
6
η8 K
0
K− K¯0 − 2√
6
η8
 (6.43)
For nf = 2, (6.43) reduces to the upper 2× 2 submatrix with pi fields only.
The leading term in the chiral EFT of QCD mesons is (6.34). We shall denote the
scale of global symmetry breaking by F , i.e. f → F . Expanding the exponent of U , L2
generates mesons kinetic terms and an infinite tower of interactions with increasing number
of fields. For example, the elastic scattering of pi+pi0 is described by the following tree-level
amplitude
(pi+pi0 → pi+pi0) = t
F
, (6.44)
where t = (p′pi+ − ppi+)2 is the Mandelstam variable. The chiral EFT L2 allows to relate
processes with different number of pi: pipi → 2pi, 4pi, 6pi, . . . in terms of a single scale F . Its
value is F = 92.2 MeV.
Up till now, the QCD mesons dynamics was described as Goldstone bosons interactions.
Goldstones are massless, while the real mesons are massive, although light. Their masses
are generated by accounting for the quarks mass term −q¯Mq in the QCD Lagrangian,
which explicitly breaks the chiral symmetry (6.39). Moreover, the mesons are sensitive
to the electroweak interactions, which also breaks the chiral symmetry explicitly. To ac-
count for these sources of explicit chiral symmetry breaking, external sources are formally
introduced to the chiral EFT. The external sources are the electroweak gauge fields and
the quark mass matrix. The external sources can be assigned certain momentum power
counting rules consistently. The so-called chiral perturbation theory (χPT) emerges with
a systematic momentum expansion, which gives a systematic way of including higher-order
corrections – the LχPT is renormalizable at each order in O(p), as the Chiral EFT. The
complete set of operators L4 and L6 are known and the renormalizability at the corre-
sponding orders O(p4) and O(p6) has been checked explicity [91–96]. The LO Lagrangian
reads:
L2 = F
2
4
〈
DµU
†DµU + U †χ+ χ†U
〉
, (6.45)
where χ = 2B0M and the coupling B0 is another effective coupling, like F . Its value must
be set by measurement; Dµ is a covariant derivative with the electroweak gauge fields.
Nonetheless, the gauge fields are not quantized in the χPT, i.e. their kinetic terms are
absent in the EFT. Again, they are realized as external sources. All in all, at O(p2) the
χPT Lagrangian is able to describe all QCD pseudomesons Green functions with only two
parameters F and B0.
The two terms involving the χ source in eq. (6.45) generate masses for the meson fields
(now pseudo-Goldstones). One of χPT predictions is that owing to the chiral symmetry,
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the meson masses squared are proportional to a single power of the quark masses. The
proportionality coefficient is B0. This prediction allows in turn for the prediction of quarks
mass ratios [85]; explicitly:
md−mu
md+mu
=
(
M2
K0
−M2
K+
)
−
(
M2
pi0
−M2
pi+
)
M2
pi0
= 0.29,
ms− 12mu− 12md
mu+md
=
M2
K0
−M2
pi0
M2
pi0
= 12.6,
(6.46)
which implies
mu : md : ms = 0.55 : 1 : 20.3. (6.47)
The χ-dependent terms in (6.45) introduce moreover corrections to the pipi scattering. For
example (6.44) is corrected as follows
A(pi+pi0 → pi+pi0) = t−m
2
pi
F 2
, (6.48)
which vanish at t = m2pi. Eq. (6.48), together with (6.47), are examples of predictions of
the χPT. These successful phenomenological predictions corroborate the pattern of χSB
in (6.30) and the explicit breaking incorporated by the QCD quark masses.
Concerning the range of validity of χPT: this EFT is an expansion in powers of momenta
over some typical hadronic scale Λχ, which can be expected to be of order of the light-quark
resonances. A natural order-of-magnitude estimate of Λχ reads [97]:
Λχ . 4piF, (6.49)
which in case of QCD is ∼ 1.2 GeV. This value sets the upper bound on the cut-off scale
and hence determines the maximal χPT range of validity.
6.2.3 The custodial symmetry
The purpose of this Section is to discuss the SSB pattern in the SM. While the gauge
symmetry breaking is (2.57), the global SSB pattern has a richer structure. To see it, it is
convenient to rewrite the scalar doublet Φ ≡
(
φ+
φ0
)
as a 2× 2 matrix [98]
Σ ≡ (Φc,Φ) ≡
(
φ0∗ φ+
−φ− φ0
)
, (6.50)
where Φc ≡ iτ2Φ∗; (·)∗ denotes complex conjugation. Then, the pure scalar part of the SM
Lagrangian (2.58), up to an irrelevant constant term, reads
L(Φ) = 1
2
〈
(∂µΣ)†∂µΣ
〉
− λ
16
(〈
Σ†Σ
〉
− v2
)2
. (6.51)
The vacuum choice is 〈0|φ0 |0〉 = v or equivalently 〈0|Σ |0〉 = vI2. Up to normalization
factors the Lagrangian is formally identical to the linear sigma model (6.22). Hence also
the Lagrangian symmetry is formally the same, with the Σ transformation as in eq. (6.23).
It implies that the global SSB pattern in the SM reads:
SU(2)L × SU(2)R −→ SU(2)L+R. (6.52)
The symmetry on the right side of eq. (6.52) is called the custodial symmetry, SU(2)C .
Three Goldstone bosons emerge. They can be parametrized with the already familiar U
matrix, using the polar decomposition
Σ(x) =
1√
2
(v + h(x))U(~φ), U(~φ) = exp
{
i~τ ~φ/v
}
, (6.53)
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where again U inherits the transformation properties of Σ. Not surprisingly, the Goldstone
part of LΦ has the form of the universal chiral LO term (6.34) with the f scale set to the
electroweak v:
LΦ = v
2
4
〈
∂µU
†∂µU
〉
+O(h/v). (6.54)
In the SM however the SU(2)L × U(1)Y subgroup of the global SU(2)L × SU(2)R is
gauged and the SM scalar Lagrangian in terms of the Σ field reads:
L(φ) = 1
2
〈
(DµΣ)†DµΣ
〉
− µ
2
8
〈
Σ†Σ
〉
− λ
16
〈
Σ†Σ
〉2
, (6.55)
The U part is adjusted accordingly
L2 = v
2
4
〈
DµU
†DµU
〉
, (6.56)
where the covariant derivative reads:
DµU(x) ≡ ∂µU(x) + igWµ(x)U(x)− ig
′
2
Bµ(x)U(x)τ3. (6.57)
Gauging the U(1)Y explicitly breaks the global SU(2)R and in turn the SU(2)C is explicitly
broken as well. Another source of explicit custodial symmetry breaking is the Yukawa
sector, the largest effect is given by non-vanishing mt − mb. The U term in eq. (6.56)
generates W and Z boson masses mW = mZ cos θW . It is clearly visible in the unitary
gauge where U(~φ) = 1, i.e. only the first term in the U expansion survives (as opposed to
χPT in QCD, in the SM the U(~φ) can be rotated away due to the gauging). In the end, the
Goldstone bosons constitute longitudinal polarizations of the weak vector bosonsW and Z.
This successful mass relation is a direct consequence of the pattern of SSB (6.52) combined
with the gauging SU(2)L×U(1)Y , providing a clear confirmation of the symmetry pattern
that is realized at the electroweak scale. Interestingly, a very similar term to (6.56) was
present in eq. (6.45) in QCD χPT. In fact, the QCD pseudo-Goldstone mesons generate,
in addition, a tiny correction δmW = δmZ cos θW = Fg/2.
6.2.4 The HEFT Lagrangian
Contrary to SMEFT, HEFT includes the possibility of non-linearly realized SU(2)L ×
SU(2)R → SU(2)L+R where the three Goldstones form a triplet of SU(2)L+R and the h
is a singlet. Depending on the UV completion of the SM, the Higgs may or may not form
the Higgs doublet. This approach leads to the most general description of the EW and
Higgs couplings, satisfying the gauge symmetry of the SM. In specific limits, it may reduce
to the SM Lagrangian, or may coincide with the SMEFT. Also contrary to SMEFT, the
HEFT is constructed for the broken phase.
In order to formulate the electroweak effective theory the most general low-energy
Lagrangian must be considered, that satisfies the SM gauge symmetries and only contains
the known light spectrum: the SM gauge bosons and fermions, the electroweak Nambu-
Goldstone modes and the Higgs field h. In addition to the SM gauge symmetries, our
main assumption will be the pattern of global SSB (6.52). Hence, in analogy to the χPT
construction for QCD, the Lagrangian shall be organized as an expansion in powers of
derivatives and explicit symmetry breaking terms over the v scale. As already illustrated
in Sec. 6.2.3, the purely Goldstone terms are formally identical to those present in χPT
with nf = 2. The electroweak effective theory contains, however, a richer variety of
ingredients, since included must be the SM gauge symmetries and the fermion sector. In
the literature this electroweak effective theory often goes under the name of Higgs Effective
Field Theory (HEFT). Sometimes the corresponding Lagrangian is called the Electroweak
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Chiral Lagrangian (EWχL); the use of EFTs, in the case of the EWχL, dates back to the
late ’80s [99–105].
All the ingredients can be systematically introduced in HEFT in terms of invariants
under the global chiral group (6.52) of which SU(2)L×U(1)Y is gauged. In the remaining
we shall however limit the discussion to the bosonic part. It is dictated by our phenomeno-
logical purpose: to study tree-level BSM effects in vector boson scattering.
The momentum power-counting rules for all the ingredients can be consistently intro-
duced. In particular [32]:
• as previously, the Goldstone modes, and here also the Higgs h, are O(p0) = O(1);
the vev v is also counted as O(1); U is O(1);
• all mass parameters mh,mW , . . . are counted as of order O(p);
• as a consequence, the gauge couplings g, g′, gs are O(p);
• gauge fields Wˆµ, Bˆµ defined as
Wˆµ ≡ −g τ
i
2
W iµ, Bˆµ = −g′
τ3
2
Bµ, (6.58)
are O(p), as these constitute part of the (covariant) derivative.
Therefore, the fieldsW iµ, Bµ are O(1). The above chiral power-counting rules, together with
the rules for the fermionic sector, allow for systematic calculations in HEFT, accounting
for renormalization of the loop UV divergences order by order in the derivative expansion.
The discussion on renormalizability is a straightforward generalization of what is discussed
in Sec. 6.2.1.
It is customary to introduce two gauge covariant objects Vµ and T, the vector and the
scalar chiral fields respectively, that transform in the adjoint of SU(2)L:
Vµ(x) ≡ (DµU(x))U(x)†, T(x) ≡ U(x)τ3U(x)†, (6.59)
where the covariant derivative is the same as in eq. (6.57). While Vµ(x) is covariant under
SU(2)C , T(x) is not and therefore plays a role of a source of explicit custodial symmetry
breaking in the HEFT construction. The counting implies that Vµ is O(p) and T is O(1).
The HEFT Lagrangian can be written as a sum of two terms:
LHEFT ≡ L0 + ∆L. (6.60)
According to the chiral power-counting rules listed above, the first term is O(p2), i.e. is
LO in chiral derivative expansion. It basically describes the SM part: the kinetic terms
for all the particles in the spectrum, the Yukawa couplings and the scalar potential. The
second one starts with terms of order O(p4) and describes new interactions and deviations
from the LO contributions. The LO Lagrangian reads:
L0 =− 1
4
GaµνG
aµν − 1
4
W aµνW
aµν − 1
4
BµνB
µν+
+
1
2
∂µh∂
µh− v
2
4
〈VµVµ〉 FC(h/v)− V (h/v) + fermions ,
(6.61)
where fermions refers to all the terms involving fermions and these will not be considered
here as they do not enter the present analysis. The first line describes the kinetic terms
for the gauge bosons. The second line contains: the Higgs and the Goldstone bosons
kinetic terms and the mass terms for W and Z gauge bosons, and the scalar potential.
The electroweak scale v is used to compensate the powers of both the Higgs and the
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Goldstone fields, because they are expected to have a similar underlying origin. Model-
dependent parametric differences, e.g. different physical scales ratios, are implicitly present
in effective coefficients (see below).
The general form of the Higgs potential in the chiral approach reads:
V (h/v) = v4
∑
n=3
c(V )n
(
h
v
)n
, (6.62)
where c(V )n are dimensionless effective couplings. The scalar Lagrangian of the SM corre-
sponds to:
c
(V )
3 =
1
2
m2h/v
2, c
(V )
4 =
1
8
m2h/v
2, c
(V )
n>4 = 0. (6.63)
The function FC(h/v) in the second line of Eq. (6.61) is conventionally written as
FC(h) = 1 + 2aC h
v
+ bC
h2
v2
+ . . . , (6.64)
where the dots refer to higher powers in h/v. In the SM case, the first two coefficients of
FC(h/v) are exactly equal to aC = 1 = bC , while the ones corresponding to higher orders
are identically vanishing. In a general analysis aC and bC are free, effective parameters.
In general, each chiral-invariant structure should be multiplied with an arbitrary func-
tion of h/v because the Higgs field is a singlet under SU(2)L × SU(2)R. For instance, the
quadratic derivative term of the Higgs should also be multiplied with an arbitrary function
Fh(h/v). However, this function can be reabsorbed into a redefinition of the field h [106].
Moreover, the kinetic terms for the gauge bosons in the first line of eq. (6.61) do not come
associated with any F(h/v). Instead such corrections are shifted to the ∆L, where they
are described by O(p4) terms:
cB
〈
BˆµνBˆµν
〉
FB(h/v), cW
〈
WˆµνWˆµν
〉
FW (h/v), cG
〈
GˆµνGˆµν
〉
FG(h/v), (6.65)
where the stress-tensors of fields (6.58) are defined as follows
Wˆµν ≡ ∂µWˆν − ∂νWˆµ − i[Wˆµ, Wˆν ], Bˆµν ≡ ∂µBˆν − ∂νBˆµ − i[Bˆµ, Bˆν ] (6.66)
and similarly for the gluons (this construction has already been introduced in eq. (2.22)).
The above illustrates that the LHEFT splitting into L0 and ∆L in (6.60) is partially data-
driven.
The basis of O(p4) HEFT operators has recently been constructed. As in case of
SMEFT, the task is highly non-trivial, because redundancies has to be properly accounted
for. Moreover, ref. [25] contains the complete classification of operators O(p4) and O(p6)
that possess quartic interactions among the electroweak gauge bosons and that at the same
time do not exhibit triple gauge-boson vertices associated to them. We shall utilize these
results in the phenomenological analysis of WW scattering in Sec. 7.2.2.
The HEFT Lagrangian is most suitable to describe low-energy effects of UV physics
scenarios where the electroweak symmetry breaking has dynamical, non-perturbative ori-
gin, similar to the case of chiral symmetry breaking in the physics of color (QCD). In such
a scenario some yet unknown strong dynamics should intervene at a scale Λs, and the
characteristic scale of the associated (composite) Goldstone bosons f respects Λs ≤ 4pif
(compare to eq. (6.49)). In the original formulation, so-called ”technicolor” [107–109],
the physical Higgs particle is simply removed from the low-energy spectrum and only the
three would-be-Goldstone bosons are retained, in order to give masses to the weak gauge
bosons, with f = v, where v = 246 GeV is the electroweak scale defined via the W mass,
mW = gv/2.
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Interestingly, several variants of the strong interacting ansatz exist in the context of
electroweak symmetry breaking, with some of them accounting for the existence of a light
Higgs resonance in the spectrum. The idea of a light composite Higgs originating in the
context of a strongly interacting dynamics was first developed in the 1980s and underwent
a recent revival of interest (for a review, see e.g. [110, 111]). In this framework, a global
symmetry group G is postulated at high energies and broken spontaneously by some strong
dynamics mechanism (analogue of the quark-antiquark condensate forming) to a subgroup
H at a scale Λs. Among the corresponding Goldstone bosons, three are usually identified
with the longitudinal components of the SM gauge bosons and one with the Higgs field,
h. A scalar potential for the Higgs field is dynamically generated, inducing EWSB and
providing a (light) mass to the Higgs particle. Being a pseudo-Goldstone boson arising
from the global symmetry breaking, the Higgs boson mass is protected against quantum
corrections of the high-energy symmetric theory, providing an elegant solution to the EW
hierarchy problem. The EWSB scale, identified with the vacuum expectation value of the
Higgs field 〈h〉 does not need to coincide with the EW scale v defined by the EW gauge
boson masses. On the other hand, 〈h〉 is typically predicted in any specific Composite
Higgs model to obey a constraint linking it to the EW scale v and to the GB scale f . In
ref. [112] several concrete CH models were matched to the low-energy HEFT Lagrangian,
arguing moreover that any CH model can be matched to HEFT.
6.2.5 The primary dimension dp
For HEFT, the (chiral) distinction in LO, NLO, etc. . . , sometimes fails in ordering the
impact of the different operators. The latter depends on the structure of the operators and
on the energy involved in the observables under consideration. Once the energy is smaller
but close to the cut-off, a counting based on the so-called primary dimension dp [97] is more
suitable [97] (for the details on the argument, see [97]): it counts the canonical dimension
of the leading terms in the expansion of a given object. Indeed, the matrix U and the
functions F(h) hide the dependence on the scale v :
U = 1 + 2i
σapi
a
v
+ . . . , F(h) = 1 + 2ah
v
+ . . . , (6.67)
and as a consequence U , F(h) and T (see eq. (6.59)) has dp = 0, while ∂µF(h) and Vµ
(see eq. (6.59) together with eq. (6.59)) have dp = 2.
Any operator in HEFT may be ordered in terms of its dp and it allows to link the
particular structure of an operator to the strength of a physical signal measured by cross
sections [97]. An interesting application is that operators with the same dp are expected
to have similar impact on given observables: this information may be used to identify
the complete set of operators describing in a similar way the same process, although they
belong to different orders in the chiral expansion. In SMEFT the primary dimension is
simply understood as the canonical dimension, which implies another application of the
primary dimension: if the dp of an HEFT operator is smaller than the canonical dimension
of the SMEFT operator that contributes to a same observable (this SMEFT operator will
be refereed to as “linear sibling” of this HEFT operator), then the process described by these
operators is expected to have a higher cross section in the HEFT than in the SMEFT: this
process may be used to test the linearity of the Higgs sector dynamics [21–23,26,113,114].
We shall use the dp counting in order to justify our choice for HEFT operators in
Sec. 7.1.1 after our choice of the SMEFT ”models” will be justified in that Section.
Chapter 7
The EFT approach to W+W+
scattering at the LHC
In this Chapter we describe our strategy for the EFT approach to the same-sign WW
scattering data, once available in future and yield significant discrepancies from the SM
predictions. We also discuss the method for determining the discovery potential in this EFT
approach. Both aspects are applicable in principle to any chosen EFT ”model”, specified
by the choice of the effective non-renormalizable operators added to the LSM and values
of the corresponding Wilson coefficients. We shall illustrate our approach by determining
discovery regions of certain classes of EFT ”models”, specified below. We start in Sec. 7.1
with preliminary technicalities, where we shall:
• define our choice (and justify it) of operators and the normalizations,
• argue about the fact that certain qualitative features ofW+W+ scattering in the full
reaction can be understood at the level of on-shell W+W+ →W+W+ amplitudes,
• study in detail both on-shell cross sections,
• and constraints from perturbative partial wave unitarity bounds in the on-shell scat-
tering.
The EFT approach to the full reaction pp→ 2 jets+ lνll′ν ′l is discussed in Sec. 7.2. Then,
in Sec. 7.2.1 and 7.2.2 numerical results for the discovery regions are presented for the
chosen EFT ”models” in SMEFT and HEFT, respectively.
Moreover, although we do not discuss in this thesis the bounds on theWilson coefficients
obtained from the data analysis when no statistically significant signal on new physics is
observed (such an analysis requires a dedicated discussion), it shall be self-explanatory
that it will be also considerably influenced by the results of this work.
7.1 Preliminary technicalities
7.1.1 Which non-renormalizable operators/EFT ”models”?
The same-sign pp → W+W+jj process probes a number of higher dimension operators.
Among them in the SMEFT expansion are dimension-6 operators which modify only the
Higgs-to-gauge coupling:
OΦd = ∂µ(Φ†Φ)∂µ(Φ†Φ),
OΦW = (Φ†Φ)Tr[WµνWµν ],
OW˜W = Φ†W˜µνWµνΦ
(7.1)
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(the last one being CP-violating), dimension-6 operators which induce anomalous triple
gauge couplings (aTGC):
OWWW = Tr[WµνW νρWµρ ],
OW = (DµΦ)†Wµν(DνΦ),
OB = (DµΦ)†Bµν(DνΦ),
OW˜WW = Tr[W˜µνW νρWµρ ],
OW˜ = (DµΦ)†W˜µν(DνΦ)
(7.2)
(the last two of which are CP-violating), as well as higher dimension operators. The field
strength tensors are:
Wµν =
1
2
τ i(∂µW
i
ν − ∂νW iµ − gijkW jµW kν ),
Bµν =
1
2
(∂µBν − ∂νBµ),
W˜µν = µναβW
αβ.
(7.3)
A common practice in the LHC data analyses in the EFT framework is to derive uncor-
related limits on one operator at a time while setting all the remaining Wilson coefficients
to zero. This in fact means choosing different EFT ”models”: such limits are valid only
under the assumption that just one chosen operator dominates BSM effects in the studied
process in the available energy range. In this work we shall consider only variations of single
at a time operator that modify Quartic Gauge Couplings (QGC) and simultaneously leave
intact TGC and Higgs-to-gauge couplings. Such operators are often called genuine QGC
(gQGC) operators and in SMEFT these start at dimension-8 (n = 8). The physical rea-
son for omitting in the phenomenological analysis the non-gQGC operators (in particular
n = 6 operators) is that Higgs and triple gauge couplings can be accessed experimentally
via other processes, e.g. in diboson production, vector boson fusion, or Higgs produc-
tion and decay measurements. If anomalous TGC and/or Higgs couplings are present,
we expect to first probe them in these processes, which are moreover presently known to
agree with the SM within a few per cent [115]. This fact translates into stringent limits
on the dimension-6 operators (see also [116] and references in the introduction therein).
On top of that, interestingly recent theoretical development [78, 117–119] shows that the
numerators c(8)i of Wilson coefficients of n = 8 gQGC operators (defined in eq. (6.10))
should be somewhat larger than c(6)i of n = 6, in a sense that they should dominate the
latter in certain linear combinations of ci so that certain quantities stay positive. These
”positivity bounds” are derived in the low-energy effective description as consequence of
the cherished fundamental principles of QFT such as unitarity, Lorentz invariance, local-
ity, and causality/analyticity of scattering amplitudes which are assumed to hold in the
deeper theory. Hence the ”positivity bounds” are general, model-independent and suggest
dominating effects of n = 8 over n = 6 on theoretical grounds.
Therefore we shall take the following point of view, namely that a genuine feature of
VBS processes is that they probe BSM effects that manifest as anomalous QGC couplings
in the lower energy theory. In turn, concerning the discovery potential we analyse EFT
”models” that are defined as the SM Lagrangian plus n = 8 gQGC operators that affect
the WWWW vertex, in the SMEFT case.
In the case of the HEFT Lagrangian, the gQGC operators start at the primary di-
mension dp = 8. Since the dp counting determines the impact of the non-renormalizable
operators on the cross section (Sec. 6.2.5), and we want to examine HEFT at the same
order as SMEFT, we shall only consider the dp = 8 gQGC operators that affect WWWW
vertex.
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More precisely, we choose our EFT ”models” as the SM Lagrangian plus a single at a
time non-renormalizable operator, for simplicity purposes. Clearly, the assumption about
the choice of operators in the truncation in the EFT series used to analyze a process of
our interest introduces a strong model dependent aspect of that analysis: one is implicitly
assuming that there exist a class of UV complete models such that the chosen truncation
is a good approximation. Having said that, the single operator at a time analysis seems
quite a severe restriction to UV completions. Nevertheless, as we argue later on based on
recent theoretical progress in polarization extraction of VBS scattering from the real data,
it is possibly not so severe as naively expected.
The strategy and the methods we present can be extended to the case of many operators
at a time (of arbitrary dimensions), keeping in mind that varying more than one operator
substantially complicates the analysis.
7.1.2 The normalization choice for the non-renormalizable operators
Now that the EFT ”models” are characterized in terms of precise definition of our choice
of effective non-renormalizable operators, we discuss the issue of proper normalization of
these effective operators in the EFT ”models” Lagrangians. Keep in mind that ultimately
we want to use the EFT approach to learn something about the couplings and the scale Λ of
the underlying theory (the bottom-up approach) either in the future data or to determine
the discovery potential of EFT. Since the information on the couplings is encoded in ci of
the Wilson coefficients fi = ci/Λ, the proper normalization, i.e. fixing the numerical factors
in front of the fiOi terms in our EFT ”models”, is crucial for finding out e.g. whether our
discovery regions correspond to strongly or weakly interacting BSM physics. In the next
two paragraphs we briefly discuss most important conclusions on the proper normalization
of effective operators, that were derived and discussed in detail in [11], and then we discuss
how this formula is useful in the bottom-up approach.
We first remind the reader that the non-renormalizable operators are to be understood
as effective low-energy parametrization of the effects of BSM heavy particles that are
integrated out from certain Feynman diagrams in concrete deeper BSM models (think
of the example in eq. 6.3). Each such BSM model predicts concrete coefficients (Wilson
coefficients) that multiply effective operators after the effective Lagrangian is derived. The
coefficients include e.g. combination of powers of BSM couplings and/or 1/(4pi)2 loop
factors, that occur in Feynman diagrams, powers of 1/Λ as well as some other, typically
O(1), numbers, all these factors specific to the BSM models from which the low-energy
effect is derived.
Let’s now assume we have a generic Feynman diagram with certain set of external legs of
a light sector, while the internal propagators are of heavy states. We want to integrate out
the heavy particles and derive the effective operators that occur in our EFT Lagrangian for
the light sector. In this picture each external leg corresponds to a field (of the light sector)
to be present in the effective operators. Interestingly, after a certain input is assumed about
the Feynman diagram (number of external legs of each type, number of vertices of each
type etc.) one can relate (using topological properties of Feyman diagrams) the sum of
powers of couplings of different types (gauge, Yukawa, scalar), the numbers of external legs
of each type, with the number of loops in the diagram (equivalently powers of 1/(4pi) in the
expressions for the amplitudes). In this way proper normalization of the effective operators
generated after decoupling heavy particles in our Feynman diagram is obtained, again as a
function of certain input of the diagram (see below). This normalization accounts properly
for the 1/(4pi) loop factors. It goes under the name of Naive Dimension Analysis (NDA)
Master Formula. The NDA formula reads:
Λ4
16pi2
[
∂
Λ
]Np [4pi φ
Λ
]Nφ [4pi A
Λ
]NA [4pi ψ
Λ3/2
]Nψ [ g∗
4pi
]Ng [ y∗
4pi
]Ny [ λ∗
16pi2
]Nλ
, (7.4)
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where φ represents a scalar: either the Higgs doublet (SMEFT) or the field h (HEFT) in
the context of our analysis, ψ a generic fermion, A a generic gauge field, g∗ the generic
gauge coupling, y∗ the generic Yukawa coupling, λ∗ scalar coupling, while Ni refer to the
number of times each type of external line or the coupling appears in the Feynman diagram.
We emphasis that the sum of Ng, Ny, Nλ together with the sum of Nφ, NA, Nψ are related
via a single equation with the number of loops L in the Feynman diagram. Obviously,
in concrete BSM models there will always be some model specific dimensionless factors in
addition to what accounted for in (7.4). But these are naturally expected to be O(1) and
are not part of the generic NDA. Below we explain how the formula (7.4) is useful in the
bottom-up approach, where we do not know Feynman diagrams of the deeper theory.
In the bottom-up approach, we do not need to specify Ng, Ny, Nλ or L – we parametrize
our ignorance introducing effective Wilson coefficients ci. Nonetheless, formula 7.4 is indeed
very useful in setting the normalization of effective operators that we add to the SM
Lagrangian. First of all, notice that for each operator we know Np, Nφ, NA and Nψ. Then,
we can use the first part of formula (7.4) formally setting Ng = Ny = Nλ = 0:
Λ4
16pi2
[
∂
Λ
]Np [4pi φ
Λ
]Nφ [4pi A
Λ
]NA [4pi ψ
Λ3/2
]Nψ
, (7.5)
and introduce the effective coefficient ci upon (7.5). From eq. (7.4) we know that our
effective coefficients ci are products of g∗/4pi and/or y∗/4pi and/or λ∗/16pi2 and some
unknown model specific O(1) numbers depending on the completion. In particular, for-
mula (7.4) implies that in perturbative completions the ci multiplying (7.5) are boundend
by 1. Therefore, the NDA normalisation is very useful because it relates the values of
the effective Wilson coefficients to the weak or strong interacting phase of the underlying
theory: if ci turns out to be equal of larger than 1, then the corresponding interactions
become strongly coupled; while if it is smaller than 1, then the interactions are weakly
coupled.
In particular, the formula (7.5) implies the following counting rules for Vµ and Wµν
that will constitute our effective operators:
[
Vµ
Λ
]NVµ
,
[
4pi
Λ2
Wµν
]NWµν
. (7.6)
Later on, we shall use the formula (7.5) to establish normalizations of the effective
operators in our EFT ”models” for the analysis of discovery regions.
7.1.3 Qualitative features on the full pp process from the on-shell vector
boson scattering
In the physical process pp → jjll′ννl′ the W bosons are off-shell. Later on in Sec. 7.2.1
and 7.2.2 we shall determine discovery regions of our EFT ”models” using this process.
Here, we argue that qualitative conclusions on the influence of dimension-8 operators on
the full process can be drawn from the analysis of the on-shell WW scattering. To this
end, let us employ the identity for the numerator of the gauge boson propagator:
gµν +
kµkν
M2W
=
4∑
λ=1
µλ(k) (
ν
λ(k))
∗ , (7.7)
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where in the frame in which the spatial component of kµ is in the z direction, kµ =
(E, 0, 0, k), the explicit form of each polarization vector reads:
µ− =
1√
2
(0,+1− i, 0) (left),
µ+ =
1√
2
(0,−1− i, 0) (right),
µ0 = (k, 0, 0, E)/
√
k2 (longitudinal),
µA = (E, 0, 0, k)/
√
k2−m2W
k2m2W
(auxiliary),
(7.8)
where k2 ≡ kµkµ. In the on-shell limit k2 → m2W the auxiliary polarization vanishes and
0 approaches the exact on-shell form of longitudinal polarization (see eq. (5.1)). With the
help of eq. (7.7) one can then rewrite each of the 4 W propagators in each of the diagram
that has VBS topology (see fig 3.1), as
−i∑4λ=1 µλ (νλ)∗
k2 −m2W
. (7.9)
Then the parton-level amplitude qq → qqll′vlv′l with VBS topology can be decomposed as
follows
M ≡
∑
λ1λ2λ3λ4
M q1λ1M
q2
λ2
MWWλ1λ2λ3λ4M
l1
λ3
M l2λ4
(k21 −m2W )(k22 −m2W )(k23 −m2W )(k24 −m2W )
, λi ∈ {−, +, 0, A}. (7.10)
TheM qiλi (M
li
λi
) terms are the trilinear qqW (llW ) vertices contracted with ∗ () of eq. (7.9),
while theMWWλ1λ2λ3λ4 term is the (off-shell)WW elastic scattering amplitude. The sum over
i includes necessarily polarization configurations in which theW polarizations are auxiliary.
Now, the effect of dimension-8 operators grows with the scattering energy (MWW ) and in
the regionMWW >> mW modifies significantly helicity amplitudes so that deviations from
the SM behavior become non-negligible. Since the off-shellness k2i are suppressed dynami-
cally by propagators 1/(k2i −m2W ), in this kinematic limit the scattered vector bosons must
be fast, |~ki| ∼ Ei >> mW , Therefore in the high MWW region µ0 is proportional to µA and
both approach the on-shell form of the longitudinal polarization vector. As a result, the
sum in eq. (7.9) runs effectively over i = 0, +, − and the off-shell helicity amplitude can
be approximated by the on-shell one, accounting for the factors
√
(k2 −m2W )/(k2m2W ) or
1/
√
k2 occurring in (7.8).
Therefore in the following Sections we will discuss in detail the high-energy behavior of
the on-shellW+W+ scattering in the presence of contributions from dimension-8 operators.
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7.1.4 On-shell W+W+ scattering in SMEFT
The list of our gQGC dimension-8 operators that contribute to the WWWW vertex
reads [120]1:
OS0 =
[
(DµΦ)
†DνΦ
]
×
[
(DµΦ)†DνΦ
]
,
OS1 =
[
(DµΦ)
†DµΦ
]
×
[
(DνΦ)
†DνΦ
]
,
OM0 = Tr [WµνWµν ]×
[
(DβΦ)
†DβΦ
]
,
OM1 = Tr
[
WµνW
νβ
]
×
[
(DβΦ)
†DµΦ
]
,
OM6 =
[
(DµΦ)
†WβνW βνDµΦ
]
,
OM7 =
[
(DµΦ)
†WβνW βµDνΦ
]
,
OT0 = Tr [WµνWµν ]× Tr
[
WαβW
αβ
]
,
OT1 = Tr
[
WανW
µβ
]
× Tr [WµβWαν ] ,
OT2 = Tr
[
WαµW
µβ
]
× Tr [WβνW να] .
(7.11)
The EFT ”models” that we study in SMEFT are SM plus a single operator from the
list (7.11), each. The on-shell results are presented in the following normalization
∆L ⊃
∑
i=S0,S1,M0,M1,M7,T0,T1,T2
fiOi, (7.12)
where the dimensionful fi are defined via eq. (6.10). The above normalization is not the
one predicted by the NDA master formula, but for the on-shell analysis, where we illustrate
qualitative features of W+W+ scattering, a particular choice if normalization is irrelevant.
Our choice here is dictated simply by convenience.
As anticipated, in this Section we give an overview of the behavior of individual helicity
amplitudes as a function of energy and their contributions to the total unpolarized cross
section, with special attention paid to the partial wave unitarity constraints in the EFT
“models”. We shall illustrate the main points using the operators OS0 and OT1 as examples.
The qualitative picture remains the same for the other operators as well. The analysis is
similar to what already presented in Chapter 5 for the SM. The difference is that now,
in the presence of non-renormalizable operators, unitarity is necessarily violated above a
certain energy scale denoted by
√
sU , limiting the range of validity of EFT amplitudes to
c.o.m. energies
√
s lower than
√
sU , i.e.
√
s <
√
sU . It is a consequence of the fact that in
the presence of non-renormalizable operators amplitudes grow with energy. In the SM the
unitarity violation in partial waves did not take place, but occurred in our discussion only
hypothetically as a consequence of the ∼ 1 TeV Higgs mass. In Chapter 5 we discussed two
ways how to regularize the Coulomb singularity, so that the partial waves can be sensibly
determined. First, one could consider the custodial limit g′ → 0. An alternative was to
subtract the Coulomb pole in the amplitudes and it was the latter that we used to determine
the bound on the Higgs mass scale above which fully longitudinal scattering amplitude
identically violates unitarity. Here we use another regularization: a 1◦ cut in the integration
region in eq. (5.2) is applied for partial amplitudes in both forward and backward region.
All the computations concerning the unitarity limits, with the emphasis on diagonalization
in the helicity space, have been performed using our dedicated Mathematica codes. These
computations were cross-checked with the VBFNLO calculator [121] (where the same 1◦ cut
1M6 is redundant: OM6 = 12OM0; we usually omit this operator in further analysis.
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is applied) and very good agreement was found (< 5% differences). Concerning cross
sections determination, same as in the on-shell analysis in the SM, we apply a 10◦ cut in
the forward and backward scattering regions. The manually determined Feynman rules
were cross checked with the output of the FeynRules package [122]. The analytic formulas
for tree-level scattering amplitudes were obtained semi-automatically with a use of our
dedicated C++ routines that governed Lorentz index contractions etc. These computations
were cross checked with the help of the FeynCalc package [123]. For additional ready to
use Mathematica codes for tree-level electroweak scattering see [124].
Let us consider the elastic on-shell W+W+ →W+W+ in the presence of BSM part in
a form of a single at a time dimension-8 operator. The scattering amplitude iM can be
written as:
iM = ASM +ABSM , (7.13)
where ASM denotes the SM part and ABSM represents the BSM part that depends on a
single Wilson coefficient fi. As discussed in Chapter 5, in principle there are 81 independent
polarization combinations for massive vector bosons, but we shall apply the reductions in
terms of the classes of inequivalent polarization combinations. In particular there are 13
(17) such classes in case of W+W+ (W+W−) elastic scattering.
We start with discussing the scattering energy
√
sU at which partial wave unitarity is
violated by different helicity amplitudes for the two exemplary operators. We shall apply
the tree-level bounds from eq. (4.36) which are equivalent to (4.34) that apply when there
is no spin-flip (the tree-level amplitudes M are real). These bounds are for each helicity
combination separately. We also analyse the diagonalized version from eq. (4.43). The
result are shown in Table 7.1 for the OS0 operator (positive f) and in Table 7.2 for OT1
(negative f), as a function of the values of f , where ”diag.” denotes the bounds from
diagonalization using the j = 0 partial waves.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10.
- - - - x x x x
- - - 0 x x x x
- - - + x x x x
- - 0 0 620. 200. 62. 20.
- - 0 + x x x x
- - + + x x x x
- 0 - 0 x x x x
- 0 - + x x x x
- 0 0 0 x x x x
- 0 0 + x x x x
- + - + x x x x
- + 0 0 x x x x
0 0 0 0 8.6 4.9 2.7 1.5
diag. 8.6 4.9 2.7 1.5
Table 7.1: Values of
√
sU (in TeV) from the tree-level partial wave unitarity bounds for
all elastic on-shell W+W+ helicity amplitudes for a chosen set of fS0 values (first row, in
TeV4 ); λi (λ′i) denote ingoing (outgoing) W’s helicities; ”x” denotes no unitarity violation;
”diag.” denotes unitarity bounds from diagonalization in the helicity space.
We see that partial wave unitarity is first violated in the 0000 amplitude for the first
operator and in −−−− (very closely followed by −−++ and somewhat closely followed by
−+−+) for the second one. Unitarity is violated at vastly different energies for different
helicity amplitudes, depending on the operator considered. The analytic formulae for the
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λ1λ2λ
′
1λ
′
2 −0.01 −0.1 −1. −10.
- - - - 6.5 3.7 2.1 1.2
- - - 0 2.9× 107 2.9× 106 2.9× 105 2.9× 104
- - - + 1.3× 103 410. 130. 41.
- - 0 0 410. 130. 41. 13.
- - 0 + 72. 34. 16. 7.2
- - + + 6.6 3.7 2.1 1.2
- 0 - 0 1.6× 103 510. 160. 51.
- 0 - + 60. 28. 13. 6.0
- 0 0 0 1.5× 107 1.5× 106 1.5× 105 1.5× 104
- 0 0 + 1.5× 103 480. 150. 48.
- + - + 9.9 5.6 3.2 1.8
- + 0 0 1.3× 103 410. 130. 41.
0 0 0 0 x x x x
diag. 5.3 3.0 1.7 0.97
Table 7.2: Values of
√
sU (in TeV) from the tree-level partial wave unitarity bounds for
all elastic on-shell W+W+ helicity amplitudes for a chosen set of fT1 values (first row, in
TeV4 ); λi (λ′i) denote ingoing (outgoing) W’s helicities; ”x” denotes no unitarity violation;
”diag.” denotes unitarity bounds from diagonalization in the helicity space.
leading energy dependences of the helicity amplitudes iM and the partial waves T (j=jmin)
λ′1λ
′
2;λ1λ2
are shown in Tab. 7.3 and 7.4. The corresponding formulas for the remaining SMEFT
operators are listed in Appendix B.2.
Unitarity bound calculated from diagonalization in the helicity space of j = 0 is virtu-
ally identical to the strongest bound among bounds for helicity partial waves for OS0, while
for OT1 they are about 20% lower. From now on we denote by
√
sU the ”diagonalized”
unitarity bounds unless explicitly stated.
We continue with discussion of the on-shell cross sections. The total unpolarized on-
shell WW cross section can schematically be written as:
σ ∼ 1
9
∑
i,j,k,l
|ASM (ij → kl)|2+(ASM (ij → kl)ABSM (ij → kl)∗+h.c.)+|ABSM (ij → kl)|2
(7.14)
Since in the hypothetical on-shell WW scattering (weak bosons are not stable particles)
the helicity is an observable, different helicity amplitudes iM(ij → kl) (corresponding to
helicity configurations (ijkl)) do not interfere among themselves, which is explicitly ac-
counted for in (7.14). Some examples of the c.o.m energy dependence of the cross sections
for both the operators are shown in the following figures: for the total unpolarized cross
sections with OS0 in Fig. 7.1, for polarized cross sections with OS0 in Fig. 7.2, for unpo-
larized with OT1 in Fig. 7.3, and for polarized with OT1 in Fig. 7.4. Corresponding plots
for all the SMEFT operators studied in this work are compiled in figures of Appendix B.3.
We observe that both operators show several similar interesting features. Below sU ,
sizable deviations from the SM predictions occur only for small energy intervals close
to those bounds. This is the region where the quadratic term in Eq. (7.14) begins to
dominate BSM effects (see Figs. 7.1 and 7.3). The contribution of the interference term
(the middle term in parenthesis in eq. (7.14)) at this point generally depends on which
helicity combinations get affected by a given operator and how much they contribute to
the total cross section in the SM (see Sec. 7.1.5 for a more detailed discussion). The energy
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λ1λ2λ
′
1λ
′
2 iMλ′1λ′2;λ1λ2(
√
s, θ, fS0) T (j=jmin)λ′1λ′2;λ1λ2
- - - - 4ic4W fS0m
4
Z − 32i csc
2(θ)c2Wm
2
Z
v2
c4W fS0m
4
Z
4pi
- - - 0 pure SM O( 1
s3/2
) term 0
- - - + 16ic
4
Wm
4
Z
sv2
c4Wm
4
Z√
6pisv2
- - 0 0 2isc2W fS0m
2
Z
sc2W fS0m
2
Z
8pi
- - 0 + 4i
√
2 cot(θ)c3Wm
3
Z((4c
2
W+1)m
2
Z−m2h)
s3/2v2
− c
3
Wm
3
Z((4c
2
W+1)m
2
Z−m2h)
4
√
3pis3/2v2
- - + + 4ic4W fS0m
4
Z
c4W fS0m
4
Z
4pi
- 0 - 0 8ic
2
Wm
2
Z
v2(cos(θ)−1) 0
- 0 - + −8i
√
2 cot( θ2)c
3
Wm
3
Z√
sv2
√
2c3Wm
3
Z
3pi
√
sv2
−000 2i
√
2 cot(θ)cWmZ(mZ−mh)(mh+mZ)√
sv2
cWmZ(m2Z−m2h)
8
√
3pi
√
sv2
- 0 0 + 4ic
2
Wm
2
Z(cos(θ)((4c
2
W+1)m
2
Z−m2h)−4c2Wm2Z)
sv2(cos(θ)−1)
c2Wm
2
Z((4c
2
W+1)m
2
Z−m2h)
8pisv2
- + - + −8i cot
2( θ2)c
2
Wm
2
Z
v2
c2Wm
2
Z
6piv2
- + 0 0 −4ic
2
Wm
2
Z(2(m
2
h−m2Z) csc2(θ)−m2h+(8c2W+1)m2Z)
sv2
− c
2
Wm
2
Z(m
2
h+(4c
2
W−1)m2Z)
2
√
6pisv2
0 0 0 0 is2fS0 s
2fS0
16pi
Table 7.3: Analytic formulas for on-shell W+W+ elastic scattering helicity amplitudes iM
and the minimal j partial waves T (j=jmin); λi (λ′i) denote ingoing (outgoing) W’s helicities;
cW ≡ cos θW ; θ is the scattering angle; the OS0 operator case; only leading terms in the√
s expansion in the limit s→∞ are shown.
dependence of the unpolarized cross sections around sU is moreover somewhat weakened
by the contribution from the helicity amplitudes that have not reached the unitarity limit.
Numerical results for contributions of polarized cross sections to the total unpolarized
cross section at sU are shown in the Appendix B.2 as a function of fi, for all the SMEFT
operators studied. One can see (also from the polarized contributions plots) that for
example for OS0, the 0000 cross section (related to the amplitude which violates unitarity
first) gives about 65% of the total cross sections, independently of the value of f , for the
corresponding values of sU . For OT1, it is the − − −− cross section, closely followed by
−+−+ and−−++ with an about 90% combined contribution to the total unpolarized cross
section, independently of the value of f , for the corresponding values sU . The rest of the
unpolarized cross sections at sU come (for both operators) from the helicity amplitudes that
saturate the cross section in the SM, which either remain constant with energy (although
weakly dependent on the value of f) or violate perturbative partial unitarity at a higher
energy.
Importantly, correct assessment of the EFT ”model” validity range in theW+W+ scat-
tering process requires in general also consideration of the W+W− scattering amplitudes
which by construction probe the same couplings and are sensitive to exactly the same op-
erators. More precisely, in the end the
√
sU should be identified as the stronger unitarity
limit between same and opposite WW scattering. For most higher dimension operators,
this usually significantly reduces their range of validity in W+W+ analyses. Actually, the
choice of S0 and T1 examples and their Wilson coefficient signs were determined by the re-
quirement that the sU bounds for W+W+ are stronger than for W+W−, in order ease the
discussion. Tree-level partial wave unitarity bounds for the full set of operators, for both
signs of fi for both same and opposite signWW scattering are shown in the Appendix B.1.
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λ1λ2λ
′
1λ
′
2 iMλ′1λ′2;λ1λ2(
√
s, θ, fT1) T (j=jmin)λ′1λ′2;λ1λ2
- - - - 2is2fT1 s
2fT1
8pi
- - - 0 −i√2√sc3W fT1 sin(θ) cos(θ)m3Z
√
sc3W fT1m
3
Z
40
√
3pi
- - - + −isc2W fT1 sin2(θ)m2Z − sc
2
W fT1m
2
Z
20
√
6pi
- - 0 0 −12 isc2W fT1(cos(2θ)− 9)m2Z
7sc2W fT1m
2
Z
24pi
- - 0 + − is3/2cW fT1 sin(θ) cos(θ)mZ√
2
s3/2cW fT1mZ
80
√
3pi
- - + + 14 is
2fT1(cos(2θ) + 11)
s2fT1
6pi
- 0 - 0 −12 isc2W fT1 sin2(θ)m2Z −
sc2W fT1m
2
Z
96pi
- 0 - + i
√
2s3/2cW fT1 sin
(
θ
2
)
cos3
(
θ
2
)
mZ − s3/2cW fT1mZ80√2pi
- 0 0 0 −i√2√sc3W fT1 sin(2θ)m3Z −
√
sc3W fT1m
3
Z
20
√
3pi
- 0 0 + 14 isc
2
W fT1(4 cos(θ) + 3 cos(2θ) + 1)m
2
Z
sc2W fT1m
2
Z
96pi
- + - + is2fT1 cos4
(
θ
2
) s2fT1
80pi
- + 0 0 isc2W fT1 sin
2(θ)m2Z
sc2W fT1m
2
Z
20
√
6pi
0 0 0 0 2i(2v
2c4W fT1 cos(2θ)m
4
Z+6v
2c4W fT1m
4
Z−m2h−4 csc2(θ)m2Z+m2Z)
v2
16v4c4W fT1m
4
Z+3v
2(m2Z−m2h)
24piv4
Table 7.4: For description, see caption of Fig. 7.3; the OT1 operator case.
The above issue is taken into account in all the vertical lines denoting unitarity limits (e.g.
in Fig. 7.1 or 7.2). The vertical lines denoting unitarity limits in all the same-sign cross
section plots are determined accounting for the opposite WW scattering.
In the presence of n = 8 operators some of the saturating helicities grow with s,
maximally as s2. For each “EFT model” there is at least one polarization configuration with
the asymptotic s2 energy dependence providing dominant contribution to the unpolarized
cross section atMWW =
√
sU ≡MU . In particular, in the case of “EFT models” with scalar
operators (S) only the amplitude with all W bosons polarized longitudinally grows as s2.
In the case of transverse operators (T ) some amplitudes with all W polarized transversally
grow as s2, while for the case of mixed operators (M) it happens for amplitudes with
two longitudinal and two transverse polarizations. It follows from DµΦ and Wµν building
blocks of BSM operators which project mostly on the longitudinal and transverse modes,
respectively. It is interesting to notice, however, that for different S, T and M distinct
polarization configurations of the outgoing W ’s dominate the total cross section at large
MWW . Measurement of final stateW polarizations would give an insight to the dynamics of
their interactions. We shall comment on that possibility further in the outlook of Chapter 8.
7.1.5 Discussion of the interference effects
As already noticed below eq. (7.14), helicity is an observable for the on-shellWW scattering
reaction and different helicity configurations do not interfere among themselves. The sign
dependence of the total unpolarized cross section, most visible for T0, T2 and also present
for T1, M1, M7, S0, S1, is due to the interference terms in eq. (7.14), which are the only
non-positive definite terms. The dependence on the sign of fi is determined by the magni-
tude of SM-BSM terms relative to the BSM2 ones in the region E . Λ ≤MU . While there
are always BSM2 terms that asymptotically behave as s4/Λ8, the growth as ∼ s2/Λ4 of the
interference terms is not necessarily visible in each of the “EFT models”. If the helicity con-
figurations for which the amplitude depends on energy as s2 are not among the saturating
helicities of the SM, extra suppression factor(s) of v/Λ << 1 with respect to the opposite
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1 2 5 10
ΕCM
50
100
500
1000
σ(pb) iM ∼ fS0 + SM, cut: 10°, f in TeV-4
±0.01±0.1±1.±10.
0.
Figure 7.1: Energy dependence of the total unpolarized elastic on-shell W+W+ cross
sections (ECM ≡
√
s, in TeV) for a chosen set of fi values of the SMEFT operators
studied. Vertical lines denote the unitarity bound
√
sU (color correspondence). There is
no color distinction between the signs: upper cross section curves correspond to f < 0;
stronger unitarity limits correspond to f < 0.
case, will be present in the SM-BSM terms. The latter means suppressed sign dependence
of the unpolarized cross section, i.e. suppressed interference. That it is the case for theM0
operator, it can be inferred from the polarized contributions plots in figs. B.2, B.3, B.4,
and B.5 (Appendix B.3). Practically invisible interference for this operator can be directly
observed in the unpolarized cross section plot in Fig. B.1 (Appendix B.3). The discus-
sion in this paragraph can be regarded as an additional cross-check of our computations.
For general theoretical discussion of SM-BSM interference patterns and some interesting
implications to phenomenology associated to n = 6 operators, see [125].
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2.2 2.4 2.6 2.8 3.0
ΕCM20
50
100
200
σ(pb) iM ∼ fS0 + SM, cut: 10°, f = 1. TeV-4
σtot,unpolσtot,unpolSMσ----σ-0-0σ-+-+σ0000
Figure 7.2: Contributions of the polarized cross sections (multiplicity taken into account)
as functions of the center-of-mass collision energy (ECM ≡
√
s, in TeV) for a chosen value
of fi > 0 for the SMEFT OS0 operator. The remaining (not shown) polarized contributions
are negligibly small. In each plot shown is in addition the total cross section and the total
cross section in the SM.
1 2 5 10
ΕCM
50
100
500
1000
5000
σ(pb) iM ∼ fT1 + SM, cut: 10°, f in TeV-4
±0.01±0.1±1.±10.
0.
Figure 7.3: For description see the caption of Fig. 7.1; the OT1 case.
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2.5 3.0 3.5 4.0 4.5 5.0
ΕCM
20
50
100
200
500
σ(pb) iM ∼ fT1 + SM, cut: 10°, f = -10-1 TeV-4
σtot,unpolσtot,unpolSMσ----σ--++σ-0-0σ-+-+
Figure 7.4: For description see the caption of Fig. 7.2; the f < 0, OT1 case.
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i = S0 S1 T0 T1 T2 M0 M1 M7
fi > 0 0000 0000 −−−− and −−++ −−++ −−−− −− 00 −− 00 −− 00
fi < 0 0000 0000 −−++ −−++ −−++ −− 00 −− 00 −− 00
Table 7.5: The helicity combinations yielding the strongest helicity partial waves unitarity
limits for each operator in case of each sign of fi. It is always a j=0 partial wave that
yields the strongest unitarity limits
7.1.6 Practical comments on the
√
sU computations
The dominating polarization configurations in the total unpolarized cross section can be
read from Fig. B.2, B.3, B.4, and B.5 (Appendix B.3). However, the helicity combination
that determines the
√
sU , i.e. that yields strongest unitarity bound, is not necessarily
among them. The reason is as follows. The partial wave expansion of helicity amplitude
starts with jmin = max{|λ1 − λ2|, |λ3 − λ4|}, where λ1,2 and λ3,4 correspond to initial and
finalW polarizations, and it is the j = jmin partial wave that yields the strongest unitarity
limit. It has been checked that for the same-sign WW all the helicity amplitudes that
depend on energy as s2 for the case of M operators have jmin = 1, while for the S and T
operators it is jmin = 0. It would imply then that the unitarity limit for the M operators
would be weaker than for S and T , especially if only the j = 0 partial waves are considered.
However, the same operators affect both the same-sign and opposite-sign WW scattering
processes, and both processes should be considered for the determination of the unitarity
bounds. In the case of opposite-sign WW , for each “EFT model”, including the M ones,
there exists a helicity configuration that depends on energy as s2 and has jmin = 0. As
a result, for the M -type “EFT model” the unitarity limit is stronger as compared to the
limit derived from same-sign WW partial wave expansion, again especially if only j = 0
partial waves are considered. This should be kept in mind in particular when using the
VBFNLO calculator to determine the unitarity bounds that both same- and opposite-sign
WW scattering processes are looked at (VBFNLO checks only j = 0 partial waves). The
helicity combination yielding the strongest helicity partial wave unitarity limits for each
operator are summed up in Table 7.5.
7.1.7 On-shell W+W+ scattering in HEFT
Here we analyze the on-shell amplitudes for HEFT ”models”, i.e. cross sections and uni-
tarity bounds as was done for the SMEFT case in Sec. 7.1.4. The different is, of course,
the list of operators that specify the EFT ”models” in the HEFT case. We distinguish the
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following gQGC operators contributing to the WWWW vertex:
P6 =Tr(VµVµ)Tr(VνVν)
P11 =Tr(VµVν)Tr(VµVν)
T42 =Tr(VαWµν)Tr(VαWµν)
T43 =Tr(VαWµν)Tr(VνWµα)
T44 =Tr(VνWµν)Tr(VαWµα)
T61 =W aµνW aµνTr(VαVα)
T62 =W aµνW aµαTr(VαVν)
OT0 =W aµνW aµνW bαβW bαβ
OT1 =W aανW aµβW bµβW bαν
OT2 =W aαµW aµβW bβνW bνα,
(7.15)
where as previously, Wµν ≡ W aµντa/2. To facilitate the matching between this notation
and the one used in previous literature, the operators P6 and P11 are also known as L5
and L4, respectively, of the EWχL.
In papers where these operators are listed according to the number of derivatives, that
is the typical counting of the EWχL, they belong to three different groups: P6 and P11 are
listed among the O(p4) operators; T42, T43, T44, T61 and T62 are considered O(p6); finally,
OT0, OT1 andOT2 are inserted in theO(p8) group. However, at the phenomenological level,
the primary dimension is what matters to establish the impact of an operator (Sec. 6.2.5).
All these operators have dp = 8 and therefore the list (7.15) is in accord with the discussion
of Sec. 7.1.1.
Ref. [25] presents a much longer list of operators which present a similar structure to
the ones listed in Eq. (7.15). However, any operator containing the scalar chiral field T
do not contain interaction between four W and therefore should not be considered in this
analysis. The other operators that are not listed above and do not contain T have higher
primary dimension and therefore are expected to provide subdominant contributions.
Study of WWWW Lorentz structures given by each operator allows to identify a
correlation between the HEFT and SMEFT operators:
c6P6 ⇐⇒ c(8)S1OS1
c11P11 ⇐⇒ c(8)S0O + c(8)S1OS1
c61T61 ⇐⇒ c(8)M0OM0
c62T62 ⇐⇒ c(8)M1OM1
(7.16)
(the operators OT0, OT1 and OT2 belong to both the bases and therefore the correlation
is trivial). The SMEFT operator OM7 contains only part of the interactions described by
T43: the other interactions are described by SMEFT with higher dimensions. Finally, and
interestingly, the HEFT operators T42 and T44 do not have any correspondence with any
of the SMEFT operators of dimension 8. Exemplary results for this pair of operators will
be presented in this Section. We work with the HEFT operators normalized according to
the NDA formula (7.5):
∆L ⊃
∑
i=6,11
ci
16pi2
PiFi(h) +
∑
i=42,43,44,61,62
ci
Λ2
TiFi(h) +
∑
i=0,1,2
16pi2cT i
Λ4
OT iFi(h) ; (7.17)
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where ci are the dimensionless factors introduced upon the NDA normalization. The fi
dimensionful coefficients are defined via ci and Λ solely, i.e.
fi ≡ ci, (i = 6, 11),
fi ≡ ciΛ2 , (i = 42, 43, 44, 61, 62),
fi ≡ ciΛ4 , (i = T0, T1, T2).
(7.18)
(Again, a particular choice of normalization for the purpose of our on-shell analysis is
irrelevant).
Fig. 7.5 and 7.6 shows the polarised cross section fractions for T42 and T44 and for
chosen values of fi > 0. The enhancement of − − 00 and/or − + 00 fractions in the
region MWW . Λ, visible in these figures, occurs only for the operators T42, T43, and T44
among all the HEFT operators studied in this work. Therefore it is a distinct feature of
the non-linear hypothesis, which must be associated to the fact of occurrence in HEFT of
distinct Lorentz structures, mentioned above. We shall refer to this interesting feature in
the context of phenomenology in Sec. 7.2.2.
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Figure 7.5: Contributions of the polarized cross sections (multiplicity taken into account)
as functions of the center-of-mass collision energy (ECM ≡
√
s, in TeV) for chosen values of
fi > 0 of the HEFT T42. The remaining (not shown) polarized contributions are negligibly
small. In each plot shown is in addition the total cross section of the EFT ”model” and
the total cross section in the SM.
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Figure 7.6: For description see Fig. 7.5; the T44.
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In the Appendix C, we presented the same set of results as done in the case of SMEFT,
for the three distinct HEFT operators; the results consist in: partial wave unitarity limits
for chosen values of Wilson coefficients (C.1), analytic expressions for both the amplitude
iM and the partial waves T (j), numerical results for the polarized contributions to the total
unpolarized cross sections at the scale
√
sU (C.2) and plots of energy dependence of total
and polarized contributions cross sections (C.3). In general, the behavior of amplitudes is
qualitatively similar to what found in case of SMEFT EFT ”models”.
7.2 The EFT approach to W+W+ scattering at LHC
Searches for deviations from the SM predictions in processes involving interactions between
known particles are a well established technique to study possible contributions from Be-
yond the Standard Model (BSM) physics. In this Section we address two questions: i) how
much we can learn about the scale of new physics and its strength using EFT approach
to W+W+ scattering if a statistically significant deviation from the SM predictions is ob-
served in the expected LHC data for the process pp → 2jets + W+W+, ii) what is the
practical usefulness of the EFT language to describe the VBS data and whether or not this
can indeed be the right framework to observe the first hints of new physics at the LHC. In
both issues, our specific focus is on the proper use of the EFT in its range of validity.
One should stress that the usefulness of any EFT analysis of a given process relies
on the assumption that only few terms in the SMEFT or HEFT expansion give for that
process an adequate approximation to the underlying UV theory. The necessary condition
obviously is that the energy scale of the considered process, E < Λ. However, the effective
parameters in these expansions are the f ’s and not the scale Λ itself. Neither Λ nor the
ci’s are known without referring to specific UV complete models. As we already argued in
Sec. 7.1.1, even for E << Λ a simple counting of powers of E/Λ can be misleading as far
as the contribution of various operators to a given process is concerned. The concept of
EFT ”models” defined by the choice of operators Oi and the values of fi is a convenient
notion for the remaining discussion. The questions of this Sections are then: one, about
the strategy towards data analysis once available and significant discrepancies with the SM
are reported; and two, about the discovery potential at the LHC for BSM physics described
by various EFT ”models”.
The crucial question is what the range of validity can be of a given EFT ”model”. There
is no precise answer to this question unless one starts with a specific theory and derives
LSMEFT or LHEFT by decoupling the new degrees of freedom. However, in addition to the
obvious constraint that the EFT approach can be valid only for the energy scale E < Λ
(unfortunately with unknown value of Λ), for theoretical consistency the partial wave
amplitudes should satisfy the perturbative unitarity condition. The latter requirement
translates into the condition E2 < Λ2 ≤ sU , where sU ≡ sU (fi) is the perturbative
partial wave unitarity bound as a function of the chosen operators and the values of the
coefficients fi’s. Thus, the value of Λ2max = sU gives the upper bound on the validity of
the EFT based ”model”. Since the magnitude of the expected (or observed) experimental
effects also depends on the same fi, one has a frame for a consistent use of the EFT ”model”
to describe the data once they are available. For a BSM discovery in the EFT framework,
proper usage of the ”model” is a vital issue. It makes no physical sense to extend the EFT
”model” beyond its range of applicability, set by the condition E < Λ <
√
sU . We shall
illustrate this logic in more detail in the following.
As already discussed in Sec. 7.1.1 we shall consider only variations of single dimension-8
operators. However again, the strategy we present in this Section can be applied to the
case of many operators at a time, including dimension-6. For a given EFT ”model”
dσ ∝ |iM|2 = |ASM |2 + (ASM ×A∗BSM + h.c.) + |ABSM |2, (7.19)
78 The EFT approach to W+W+ scattering at the LHC
where dσ denotes the differential cross sectin for the process
pp→ 2jets+W+W+ → 2jets+ l+ν + l′+ν ′, (7.20)
where l and l′ stand for any combination of electrons and muons. The lepton WW decay
channel is often referred to as "gold-plated" due to its relatively good signal to background
ratio. The process depends on theW+W+ scattering amplitude (as illustrated in Fig. 3.1).
The EFT ”models” can be maximally valid up to certain invariant mass M =
√
s of the
W+W+ system
M < Λ ≤MU (fi), (7.21)
where MU (fi) is fixed by the partial wave perturbative unitarity constraint, (MU (fi))2 =
sU (fi) as computed in Sec. 7.1.4 or 7.1.7.
The differential cross section dσdM reads (actual calculations must include also all non-
VBS diagrams leading to the same final states):
dσ
dM
∼ Σijkl
∫
dx1dx2qi(x1)qj(x2)|M(ij → klW+W+)|2dΩ δ(M −
√
(pW+ + pW+)
2)
(7.22)
where qi(x) is the Parton Distribution Function (PD)F for parton i, the sum runs over
partons in the initial (ij) and final (kl) states and over helicities, the amplitude M is
for the parton level process ij → klW+W+ and dΩ denotes the final state phase space
integration. The special role of the distribution dσdM follows from the fact that it is straight-
forward to impose the cutoff M ≤ Λ, Eq. (7.21), for the WW scattering amplitude. The
differential cross section, dσdM , is therefore a very sensitive and straightforward test of new
physics defined by a given EFT ”model”. Unfortunately, the W+W+ invariant mass in the
purely leptonic W decay channel is not directly accessible experimentally and one has to
investigate various experimental distributions of the charged particles. The problem here
is that the kinematic range of those distributions is not related to the EFT ”model” validity
cutoff M < Λ and if Λ < Mmax, where Mmax is the kinematic limit accessible at the LHC
for theWW system, there is necessarily also a contribution to those distributions from the
region Λ < M < Mmax. The question is then: in case a deviation from SM predictions
is indeed observed, how to verify a ”model” defined by a single higher-dimension operator
O(k)i and a given value of fi by fitting it to a set of experimental distributions Di and in
what range of fi such a fit is really meaningful [116].
Before we address the above question, it is in order to emphasize most important
aspects of WW scattering discussed in detail in Sec. 7.1:
1. For a given EFT ”model”, the unitarity bound is very different for partial wave
of different helicity amplitudes and depends on their individual energy dependence
(some of them remain even constant and never violate unitarity). Our MU has to be
taken as the lowest unitarity bound, universally for all helicity amplitudes, because
it is the lowest bound that determines the scale Λmax. More precisely, one should
take the value obtained from diagonalization of the matrix of the j = 0 partial waves
in the helicity space.
2. Correct assessment of the EFT ”model” validity range in the W+W+ scattering
process requires also consideration of the W+W− scattering amplitudes which by
construction probe the same couplings and are sensitive to exactly the same opera-
tors. For most higher dimension operators, this actually significantly reduces their
range of validity in W+W+ analyses. Conversely, the WZ and ZZ processes can be
assumed to contain uknown contributions from additional operators which adjust the
value of Λ consistently (the operators we study may modify WWZZ and/or ZZZZ
vertices).
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3. It is interesting to note that for the fi values of practical interest the deviations from
SM predictions in the total cross sections become sizable only in a narrow range of
energies just below the value of MU , where the |ABSM |2 term in Eq. (7.19) takes
over. However, for most dimension-8 operators the contribution of the interference
term is not completely negligible. Even if deviations from the SM are dominated by
the helicity combinations that reach the unitarity bound first, the total unpolarized
cross sections up to M = MU get important contributions also from amplitudes
which are still far from their own unitarity limits.
The following remark is in order concerning determination of the unitarity limits: since we
apply the on-shell unitarity limits to the full pp process, where the W+W+ are scattered
off-shell, one could wonder if the energy bound
√
sU assessment is correct. Intuitively, the
unitarity limits computed this way are valid: for off-shell scattering one can define the√
sU too, and we are interested in the energy scale
√
s at which the W+W+ scattering
stops making sense. Nonetheless one could think of determining the
√
sU directly for the
qq → qqW+W+ amplitude. The problem is that the partial wave decomposition for a
2→ 4 process is not known and possibly very complicated due to more kinematic variables
in the 4-particle final state. Interestingly, one can use the Argand circle formula (4.29)
for the elastic scattering qq → qq. The qq → qqW+W+ can be absorbed into the R2j (s),
which is itself bounded (in a similar way the inelastic binary scattering partial waves were
bounded in eq. (4.32)). Unfortunately, the
∫
dθ integration, which is needed at a certain
point to project onto the desired j partial wave, is not straightforward to perform. We
shall leave it for future study and use in this work the on-shell WW bounds.
We now come back to the problem of testing the EFT ”models” when the W+W+
invariant mass is not accessible experimentally. Any BSM signal, S, is defined as the
deviation from the SM prediction in the differential distributions dσ/dxi of some observable
xi:
dS
dxi
=
(
dσ
dxi
)BSM
−
(
dσ
dxi
)SM
, (7.23)
The first quantitative estimate of the BSM distribution can be written as(
dσ
dxi
)EFT
=
∫ Λ
2MW
(
d2σ
dxidM
)EFT
dM +
∫ Mmax
Λ
(
d2σ
dxidM
)SM
dM, (7.24)
It defines signal coming uniquely from the operator that defines the ”model” in its range
of validity and assumes only the SM contribution in the region M > Λ. Realistically
one expects some BSM contribution also from the region above Λ. While this additional
contribution may enhance the signal and thus our sensitivity to new physics, it may also
preclude proper description of the data in the EFT language. Such description in terms of
a particular EFT ”model” makes sense if and only if this contribution is small enough when
compared to the contribution from the region controlled by the EFT ”model”. The latter
depends on the value of Λ and fi, and the former on the unknown physics for M > Λ,
which regularizes the scattering amplitudes and makes them consistent with partial wave
unitarity. Ideally, one would conclude that the EFT ”model” is tested for values of (Λ ≤
MU , fi) such that the signals computed from Eq. (7.24) are statistically consistent (say,
within 2 standard deviations) with the signals computed when the tail Λ > MU is modeled
in any way that preserves unitarity of the amplitudes, i.e., the contribution from this
region is sufficiently suppressed kinematically by parton distributions. This requirement
is of course impossible to impose in practice, but for a rough quantitative estimate of the
magnitude of this contribution, one can assume that all the helicity amplitudes above Λ
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remain constant at their respective values they reach at Λ, and that Λ is common to all the
helicity amplitudes. For Λ = Λmax, this prescription regularizes the helicity amplitudes
that violate unitarity atMU and also properly accounts for the contributions of the helicity
amplitudes that remain constant with energy. It gives a reasonable approximation to the
total unpolarized cross sections for M > MU , at least after some averaging over M . More
elaborated regularization techniques can also be checked here. The full contribution to a
given distribution dσ/dxi is therefore taken as(
dσ
dxi
)BSM
=
∫ Λ
2MW
(
d2σ
dxidM
)EFT
dM +
∫ Mmax
Λ
(
d2σ
dxidM
)A=const
dM, (7.25)
Now, BSM observability imposes some minimum value of f to obtain the required
signal statistical significance. It can be derived based on Eq. (7.25). On the other hand,
description in the EFT language imposes some maximum value of f such that signal
estimates computed from Eqs. (7.24) and (7.25) remain statistically consistent. Large
difference between the two computations implies significant sensitivity to the region above
Λ. It impedes a meaningful data description in the EFT language.
Assuming Λ = Λmax(= MU ), we get a finite interval of possible f values, bounded
from two sides, for which BSM discovery and correct EFT description are both plausible.
In the more general case when2 Λ ≤ MU , i.e., new physics states may appear before our
EFT ”model” reaches its unitarity limit, respective limits on f depend on the actual value
of Λ. We thus obtain a 2-dimensional region in the plane (Λ, fi), which is shown in the
cartoon plot in Fig. 7.7. This region is bounded from above by the unitarity boundMU (fi)
(solid blue curve), from the left by the signal significance criterion (dashed black curve)
and from the right by the EFT consistency criterion (dotted black curve). The EFT could
be the right framework to search for BSM physics as long as these three criteria do not
mutually exclude each other, i.e., graphically, the “triangle" shown in our cartoon plot is
not empty. In next Sections we will verify whether such “triangles" indeed exist in SMEFT
and HEFT.
Thus, our preferred strategy for data analysis is as follows:
1. From collected data measure a distribution dσ/dxi (possibly in more than one di-
mension) that offers the highest sensitivity to the studied operator(s)3,
2. If deviations from the SM are indeed observed, fit particular values of (Λ ≤MU , fi)
based on EFT simulated templates in which the contribution from the regionM > Λ
is taken into account according to Eq. (7.25) or using some more elaborated regular-
ization methods,
3. Fixing fi and Λ to the fit values, recalculate the simulated dσ/dxi template so that
the region M > Λ is populated only by the SM contribution (Eq. (7.24)),
4. Check statistical consistency between the original simulated dσ/dxi template and
the one based on Eq. (7.24),
5. Physics conclusions from the obtained (Λ, fi) values can only be drawn if such con-
sistency is found. In addition, stability of the result against different regularization
methods provides a measure of uncertainty of the procedure - too much sensitivity
to the region above Λ means the procedure is destined to fail and so the physical
conclusion is that data cannot be described with the studied operator.
2We remind the reader thatMU is function of fi. The latter has interpretation of ratio of the ”coupling”
ci over Λ4. Hence one has freedom to decrease Λ by simultaneously and appropriately decreasing ci such
that fi, hence MU , remains constant. It simply means considering different BSM physics (characterized
by couplings and Λ).
3The sensitivity is known from simulations.
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Figure 7.7: Cartoon plot which shows the regions in fi and Λ (for an arbitrary higher-
dimension operator Oi) in terms of BSM signal observability and applicability of EFT
”models” based on the choice of a higher-dimension operator in an analysis of the same-sign
VBS process with purely leptonic decays. The central white triangle is the most interesting
region where the underlying BSM physics can be studied within the EFT framework.
Our goal in Sec. 7.2.1 and 7.2.2 is to find, numerically, the discovery potential at the
HL-LHC of the BSM physics effectively described by EFT ”models” constructed within the
SMEFT and HEFT hypotheses respectively, with single (primary) dimension-8 operators
at a time, with proper attention paid to the regions of validity of such models, as described
in this Section.
7.2.1 Discovery potential of SMEFT
For the following analysis dedicated event samples of the process pp → jjµ+µ+νν at 14
TeV were generated at LO using the MadGraph5_aMC@NLO v5.2.2.3 generator [126],
with the appropriate UFO [127] files containing additional vertices involving the desired
dimension-8 operators. For each dimension-8 operator a sample of at least 500,000 events
within a phase space consistent with a VBS-like topology (defined below) was generated.
A preselected arbitrary value of the relevant f coefficient (from now on, f ≡ fi with i =
S0, S1, T0, T1, T2,M0,M1,M6,M7) was assumed at each generation; different f values
were obtained by applying weights to generated events, using the reweight command in
MadGraph. The value f=0 represents the Standard Model predictions for each study.
The Pythia package v6.4.1.9 [128] was used for hadronization as well as initial and final
state radiation processes. No detector was simulated. Cross sections at the output of
MadGraph were multiplied by a factor 4 to account for all the lepton (electron and/or
muon) combinations in the final state.
The results of this Section are based on our ref. [a] where we used the MadGraph
normalization (already described by eq. 7.11 and 7.12) (which is not equivalent to the
NDA normalization prescription). The choice was dictated by consistency with ref. [120].
We shall exploit the NDA normalization for SMEFT in Sec. 7.2.3, when we estimate and
compare ranges of BSM couplings that correspond to the discovery regions found in the
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27 and 14 TeV cases. Nevertheless conclusions on the ranges of the Λ scale probed by
the EFT approach in W+W+ scattering are independent of the differences in normaliza-
tions and therefore can be read off4 from the plots showing the discovery regions in this
Section (7.2.1).
In this analysis, the Standard Model process pp → jjl+l+νν is treated as the irre-
ducible background, while signal is defined as the enhancement (which may be positive or
negative in particular cases) of the event yield in the presence of a given dimension-8 oper-
ator relative to the Standard Model prediction. No reducible backgrounds were simulated,
as they are known to be strongly detector dependent. For this reason, results presented
here should be treated mainly as a demonstration of our strategy rather than as a pre-
cise determination of numerical values. For more realistic results this analysis should be
repeated with full detector simulation for each of the LHC experiments separately.
The final analysis is performed by applying standard VBS-like event selection criteria,
similar to those applied in data analyses carried by ATLAS and CMS. These were: Mjj >
500 GeV, ∆ηjj > 2.5, p
j
T > 30 GeV, |ηj | < 5, p lT >25 GeV, |ηl| < 2.5. As already
discussed, signal is calculated in two ways. First, using Eq. (7.24), where Λ can vary in
principle between 2mW and the appropriate unitarity limit for each chosen value of f .
The MWW > Λ tail of the distribution is then assumed identical as in the Standard Model
case. Second, using Eq. (7.25) which accounts for an additional BSM contribution coming
from the region MWW > Λ. The latter is estimated under the assumption that helicity
amplitudes remain constant above this limit, as already discussed. For the case when Λ is
equal to the unitarity limit, this corresponds to unitarity saturation.
For each f value of every dimension-8 operator, signal significance is assessed by study-
ing the distributions of a large number of kinematic variables. We only considered one-
dimensional distributions of single variables. Each distribution was divided into 10 bins,
arranged so that the Standard Model prediction in each bin is never lower than 2 events.
Overflows were always included in the respective highest bins. Ultimately, each distribu-
tion had the form of 10 numbers, that represent the expected event yields normalized to
a total integrated luminosity of 3 ab−1, each calculated in three different versions: NSMi
for the Standard Model case, NEFTi from applying Eq. (7.24), and N
BSM
i from applying
Eq. (7.25) (here subscript i runs over the bins). In this analysis, Eq. (7.25) was implemented
by applying additional weights to events above MWW = Λ in the original non-regularized
samples generated by MadGraph. For the dimension-8 operators, this weight was equal
to (Λ/MWW )4. The choice of the power in the exponent takes into account that the non-
regularized total cross section for WW scattering grows less steeply around MWW = Λ
than its asymptotic behavior ∼ s3, which is valid5 in the limit MWW → ∞. This follows
from the observation that unitarity is first violated much before the cross section gets
dominated by its ∼ s3 term, as shown in Sec. 7.1. The applied procedure is supposed to
ensure that the total WW scattering cross section after regularization behaves like 1/s for
MWW > Λ, and so it approximates the principle of constant amplitude, at least after some
averaging over the individual helicity combinations. Examples of simulated distributions
are shown in Fig. 7.8.
Signal significance expressed in standard deviations (σ) is defined as the square root of
a χ2 resulting from comparing the bin-by-bin event yields:
χ2 =
∑
i
(NBSMi −NSMi )2/NSMi . (7.26)
Lower observation limits on each operator are defined by the requirement of signal
4Of course, the existence (or not) of a non-empty discovery region is also a normalization independent
statement.
5We remind the reader that σ carries 1/s kinematic factor, i.e. iM independent.
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significance being above the 5σ level. Small differences between the respective signal pre-
dictions obtained using Eqs. (7.24) and (7.25), as well as using other regularization tech-
niques, will be manifest as slightly different observation limits and should be understood
as the uncertainty margin arising from the unknown physics above Λ, no longer described
in terms of the EFT. Examples of signal significances as a function of f (with Λ = Λmax)
are shown in Fig. 7.9 with dashed curves. Consistency of the EFT description is deter-
mined by requiring a small difference (at most 2σ) between the respective predictions from
Eqs. (7.24) and (7.25). To this end χ2add is introduced as follows:
χ2add =
∑
i
(NEFTi −NBSMi )2/NBSMi . (7.27)
In this analysis we allowed differences amounting to up to 2σ in the most sensitive kinematic
distribution, as computed from (7.27). This difference as a function of f is shown in Fig. 7.9
as dotted curves. These considerations consequently translate into effective upper limits
on the value of f for each operator.
For each dimension-8 operator we took the distribution that produced the highest χ2
(eq. (7.26)) among the considered variables. The most sensitive variables we found to be:
RpT ≡ p l1T p l2T /(p j1T p j2T ) (7.28)
(introduced in [129]) for OS0 and OS1, and
Mo1 ≡
√
(|~p l1T |+ |~p l2T |+ |~p missT |)2 − (~p l1T + ~p l2T + ~p missT )2, (7.29)
[130], for the remaining operators.
Here, the unitarity limits were taken from the VBFNLO calculator v1.3.0, after ap-
plying appropriate conversion factors to the input values of the Wilson coefficients, so to
make it suitable to the MadGraph 5 normalization. We used the respective values from
T-matrix diagonalization6, considering both W+W+ and W+W− channels, and tak-
ing always the lower value of the two. For the operators we consider here, unitarity limits
are lower for W+W− than for W+W+ except for fS0 (both positive and negative) and
negative fT1.
Figure 7.8: Typical examples of kinematic distributions used for the assessment of BSM
signal significances. Shown are the distributions of Mll, Mo1 and RpT (in log scale): in
the Standard Model (solid lines), with fT1=0.1/TeV−4 and the high-MWW tail treatment
according to Eq. (7.25) (dashed lines), and with fT1=0.1/TeV−4 and the high-MWW tail
treatment according to Eq. (7.24) (dotted lines). Assumed is
√
s = 14 TeV and an inte-
grated luminosity of 3 ab−1.
Assuming Λ is equal to the respective unitarity bounds, the lower and upper limits for
the values of f for each dimension-8 operator, for positive and negative f values, estimated
for the HL-LHC with an integrated luminosity of 3 ab−1, are read out directly from graphs
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Figure 7.9: Typical examples of BSM signal significances computed as a function of fS0
(upper row) and fT1 (lower row) based on different kinematic distributions. Here the Λ
cutoff is assumed equal to the unitarity limit. Shown are predictions obtained by using
Eq. (7.24) (solid lines) and Eq. (7.25) (dashed lines). The dotted lines show the difference
in standard deviations between the two respective calculations. Assumed is
√
s = 14 TeV
and an integrated luminosity of 3 ab−1.
such as Fig. 7.9 and listed below in Table 1. These limits define the (continuous) sets of
testable EFT ”models” based on the choice of single dimension-8 operators.
The fact that the obtained lower limits are more optimistic than those from several
earlier studies (see, e.g., Ref. [131]) reflects our lack of detector simulation and reducible
background treatment, but may be partly due to the use of the most sensitive kinematic
variables. It must be stressed, nonetheless, that both these factors affect all lower and
upper limits likewise, so their relative positions with respect to each other are unlikely to
change much.
As can be seen, the ranges are rather narrow, but in most cases non-empty. Rather
wide regions where BSM signal significance does not preclude consistent EFT description
can be identified for fT1 and fM7 regardless of sign, as well as somewhat smaller regions
for fT0, fT2 and fM1. Prospects for fM0, fM6 and fS0 may depend on the accuracy of the
high-MWW tail modelling and a narrow window is also likely to open up unless measured
signal turns out very close to its most conservative prediction. Only for positive values of
fS1, the resulting upper limit for consistent EFT description remains entirely below the
lower limit for signal significance.
Allowing that the scale of new physics Λ may be lower than the actual unitarity bound
results in 2-dimensional limits in the (f,Λ) plane. Usually this means further reduction of
the allowed f ranges for lower Λ values and the resulting regions take the form of an irreg-
ular triangle. Respective results for all the dimension-8 operators are depicted in Figs. 7.10
and 7.11. It is interesting to note that in many cases this puts an effective lower limit on
Λ itself, in addition to the upper limit derived from the unitarity condition. In particular,
the adopted criteria bound the value of Λ to being above ∼2 TeV for the OM operators as
well as for OS0. The OT operators still allow a wider range of Λ. Unfortunately, there is
6which are the limits that we referred to as ”diag.” e.g. in Tab. 7.2 in Sec. 7.1.4.
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Coeff. Lower limit Upper limit Coeff. Lower limit Upper limit
(TeV−4) (TeV−4) (TeV−4) (TeV−4)
fS0 1.3 2.0 −fS0 1.2 2.0
fS1 8.0 6.5 −fS1 5.5 6.0
fT0 0.08 0.13 −fT0 0.05 0.12
fT1 0.03 0.06 −fT1 0.03 0.06
fT2 0.20 0.25 −fT2 0.10 0.20
fM0 1.0 1.2 −fM0 1.0 1.2
fM1 1.0 1.9 −fM1 0.9 1.8
fM6 2.0 2.4 −fM6 2.0 2.4
fM7 1.1 2.8 −fM7 1.3 2.8
Table 7.6: Estimated lower limits for BSM signal significance and upper limits for EFT
consistency for each dimension-8 operator (positive and negative f values), for the case
when Λ is equal to the unitarity bound, in the W+W+ scattering process at the LHC with
3 ab−1.
little we can learn from fitting fS1, since signal observability requires very low Λ values,
for which the new physics could probably be detected directly.
It is interesting to plot the values of the couplings
√
ci in Eq. (6.10) as a function
of fi assuming Λmax = MU i.e., cmax = f × (MU )k−4, where k is the dimensionality of
the operator that defines the EFT ”model”. In models with one BSM scale and one BSM
coupling constant
√
ci has roughly7 the interpretation of the coupling constant [106]. The
values of cmaxi are to a good approximation independent of f (see Fig. 7.12) and, being
generally in the range (
√
4pi, 4pi), reflect the approach to a strongly interacting regime
(which is to be identified with 4pi for the
√
ci) in an underlying (unknown) UV complete
theory. The EFT discovery regions depicted in Figs. 7.10 and 7.11 have further interesting
implications for the couplings ci. For a fixed f , the unitarity bound Λ2 < sU implies that
ci < c
max
i = f(M
U )4, whereas the lower bound on Λ that comes from the combination of
the signal significance and EFT consistency criteria gives us ci > Λ4minf . Thus, a given
range (Λmin,Λmax) corresponds to a range of values of the couplings ci, so that we could
not only discover an indirect sign of BSM physics, but also learn something about the
nature of the complete theory, whether it is strongly or weakly interacting. In particular,
for the following operators: OS0, OM0, OM1, OM6 and OM7, only models with ci being
close to the strong interaction limit will be experimentally testable, while a wider range of
ci may be testable for OT0, OT1 and OT2.
7The well justified matching is obtained with the use of the NDA normalization. This, together with a
more detailed discussion, is done for SMEFT in Sec. 7.2.3. The purpose in this Section is to give an idea
of such matching and present qualitative features of the couplings in the context of our discovery regions.
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Figure 7.10: Regions in the Λ vs f (positive f values) space for dimension-8 operators in
which a 5σ BSM signal can be observed and the EFT is applicable. The unitarity limit is
shown in blue. Also shown are the lower limits for a 5σ signal significance from Eq. (7.25)
(dashed lines) and the upper limit on 2σ EFT consistency (dotted lines). Assumed is
√
s
= 14 TeV and an integrated luminosity of 3 ab−1.
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Figure 7.11: Regions in the Λ vs f (negative f values) space for dimension-8 operators
in which a 5σ BSM signal can be observed and the EFT is applicable. For the meaning of
curves see caption of Fig. 7.10. Assumed is
√
s = 14 TeV and an integrated luminosity of
3 ab−1.
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Figure 7.12: Maximum value
√
cmaxi of the coupling constants related to individual
dimension-8 operators, calculated at the energy where the unitarity limit is reached, as a
function of the relevant f value.
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7.2.2 Discovery potential of HEFT
This Section is devoted to presentation of the results on the discovery regions when our
EFT ”models” are defined within the HEFT ansatz. More specifically, the EFT Lagrangian
considered in the analysis is defined as the sum of the SM Lagrangian, by taking L0
from (6.61) with the choice (6.63) and fixing aC = 1 = bC in Eq. (6.64) and neglecting
any higher order contribution in powers of h/v, plus ∆L introduced in Eq. (7.17). The
SM predictions are then recovered selecting ci = 0 for all i. The analysis including BSM
effects is performed considering only one operator of ∆L at a time, i.e. switching off all
the other operator coefficients.
The approach to numerical analysis is almost a carbon copy of what presented in
Sec. 7.2.1. The minor differences correspond to somewhat updated or different software
tools used: this time the samples events are generated in MadGraph5_aMC@NLO v2.6.2.
The HEFT Lagrangian implementation is obtained with a private UFO file, created using
FeynRules v2.3.32. Hadronization is performed with Pythia v8.2 [128], run within Mad-
Graph. Event files at the reconstructed level are generated with the help of the MadAnal-
ysis5 [132] v1.6.33 package (available within MadGraph). Within the latter the FastJet
v3.3.0 package [133] is used with the jet clustering antikt algorithm with radius=0.35
and ptmin=20; the detector efficiencies is set to 100%.
In this Section (7.2.2) we work in the readly interpretable NDA normalization. Its
explicit form for our choice of the HEFT operators was already introduced in Sec. (7.1.7)
(equations (7.17) and (7.18)).
All in all, Figs. 7.13 and 7.14 show the results on the discovery regions for the individual
operators P6,P11, T42, T43, T44, T61, T62,OT0,OT1,OT2 for positive fi. The case of fi < 0
is shown in Figs. 7.15 and 7.16. The obtained regions resemble triangles in which the
left side (yellow line) is bounded by the 5σ discoverability, the upper side (blue line) by
the unitarity violation limit, while the right side (green line) by the 2σ-EFT consistency.
The comment on the most sensitive variables is identical to what described in the SMEFT
analysis (due to trivial correspondence of operators) and theMo1 was found most sensitive
for T42, T43, T44.
The discovery region for P6, in the specific case of a negative Wilson coefficient (Fig. 7.15
up-left) is tiny, pointing our a very narrow range of values for c6, centered in c6 ≈ −0.3, for
which a signal could be seen. For a positive Wilson coefficient (Fig. 7.13 up-left), there is
not any available region, as the ”discoverability line” is on the right of the 2σ-consistency
line: in the region where data may point out a signal, the EFT description breaks down.
For this second case, with positive c6, no effects are expected considering the operator P6.
The situation for P11 (Figs. 7.13 and 7.15 up-right) is different. While for positive
Wilson coefficient, the discoverability region is tiny, with c11 ∼ 0.11, for a negative Wilson
coefficient this region is much larger, with c11 ∈ −[0.076, 0.14].
These results for P6 and P11 are interesting because they show the impact of the 2σ
EFT consistency requirement considered here for the first time in the HEFT context: in
the literature, the coefficients c6 and c11 (typically labelled a5 and a4, respectively) may
vary within a large range of values providing hypothetically visible signals at colliders;
here, instead, chances to find a signal of NP in the WLWL →WLWL scattering, described
in a consistent HEFT framework by the operators P6 and P11, are present essentially only
for negative c11, or extremely tuned values of c6 and positive c11.
Other cases where the discoverability region is tiny are for T61 for both signs of the
corresponding Wilson coefficients and for OT0 for cT0 > 0, as can be seen in Figs. 7.13
and 7.15 lower-right and Fig. 7.14 upper-right, respectively. These regions are centered in
[f61 ∼ ±0.01 TeV−2, Λ ∼ 2.2 TeV] for T61 and [fT0 ∼ 2 × 10−4 TeV−4, Λ ∼ 2.4 TeV] for
OT0, corresponding to c61 ∼ ±0.046 and cT0 ∼ 0.006. On the other side, another case
where no discoverability region is found is for OT2 and for positive Wilson coefficient.
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Figure 7.13: Regions in the Λ vs. ci or fi (with ci, fi > 0) space for dp = 8 HEFT operators
in which a 5σ BSM signal can be observed and the EFT is applicable. The unitarity limit is
shown in blue, the lower limits for a 5σ signal significance from Eq. (7.25) is in yellow, the
upper limit on 2σ EFT consistency in green.
√
s = 14 TeV and an integrated luminosity of
3 ab−1 are assumed. From top to bottom and from left to right, the operators considered
are P6, P11, T42, T43, T44 and T61.
P6 P11 T42 T43 T44
ci > 0 - 0.11 [0.033, 0.007] [0.11, 0.27] [0.13, 0.27]
ci < 0 0.3 −[0.076, 0.14] −[0.034, 0.070] −[0.11, 0.27] −[0.11, 0.28]
T61 T62 OT0 OT1 OT2
ci > 0 [0.045, 0.047] [0.083, 0.120] [0.0051, 0.0072] [0.0026, 0.0110] -
ci < 0 −[0.044, 0.048] −[0.072, 0.12] −[0.003, 0.012] −[0.0018, 0.0110] −[0.0052, 0.032]
Table 7.7: Ranges of values for the dimensionless ci operator coefficients corresponding to
the discovery regions in Figs. 7.13-7.16. The normalisation is defined in Eq. (7.17). “-”
denotes no available discovery region.
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Figure 7.14: Same description as in Fig. 7.13. From top to bottom and from left to right,
the operators considered are T62, OT1, OT2 and OT2.
For all the other cases, there are relatively large discovery regions where the correspond-
ing operators enhance the signal with respect to the SM prediction, with a possibility for
this enhancement to be measured at colliders and with a consistent EFT description. The
Tab. 7.7 shows the ranges of values for the dimensionless coefficients ci, with the normali-
sation as in Eq. (7.17), for all the discovery regions in Figs. 7.13-7.16. As can be seen, all
the coefficients are smaller than 1 and, considering that the NDA normalisation has been
adopted in Eq. (7.17), this would lead to the conclusion that the discovery regions corre-
spond to (some) weakly coupled BSM theories. While this statement is true for P6,P11,
the cases where Wµν in the operators as building blocks, is more subtle and requires a
separate discussion. See Sec. 7.2.3 where it is discussed.
As pointed out in Sect. 7.1.7, a few HEFT operators considered here can find a sibling
in the SMEFT at n = 8, that have been the focus of the study in Sec. 7.2.1. The discov-
erability regions show in Figs. 7.13-7.16 for these operators indeed match with the results
presented in Sec. 7.2.1, after the rescaling in order to account for the normalisations. This
can be easily checked for the operators OT1 that are the same in both the bases and the
operator P6 that is equivalent to OS1; it is slightly more difficult for the operator P11 that
is equivalent to a combination between OS0 and OS1, as explicitly shown in Eq. (7.16).
The small differences occur for the regions of smaller Λ, where there is less available discov-
erability region, see e.g. for OT0, below Λ ∼ 2.5 TeV. They are due to different (updated)
software tools and different analysis algorithms within these tools. On the other side, these
differences may represent the uncertainties on the discovery region determination.
The last three operators, T42, T43 and T44, do no have a sibling in the SMEFT La-
grangian at n ≤ 8. The interactions described by T42, T43 and T44 will be governed by
n > 8 SMEFT operators, and therefore the strength of their signal is expected to be much
more suppressed in the linear anzatz. Moreover, the helicity amplitudes that are consider-
ably enhanced or even dominating the cross section at MWW . Λ are different than those
found for the SMEFT operators (for the total unpolarized cross sections and its polarised
fractions in on-shell WW scattering with T42, T43 and T44 insertions see Sec. 7.1.7; see
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Figure 7.15: Same description and operators as in Fig. 7.13. Negative values for ci and fi
are considered.
also the Appendix). This suggests that the same-sign WW scattering could be a sensitive
channel to disentangle between the SMEFT and HEFT descriptions of the EWSB sector,
but a more dedicated analysis would be necessary to investigate this possibility.
The results presented so far for the HEFT Lagrangian can be translated in terms of
more fundamental theories whose dynamics takes place at a much higher energy scale. We
provide below two examples. The first example is the minimal SO(5)/SO(4) CH model
which was matched to the HEFT Lagrangian in Refs. [112,134]. In this CH model the initial
Lagrangian is written invariant under the global SO(5) symmetry; after the spontaneous
breaking down to SO(4), the SM GBs and the physical Higgs arise as a bi-doublet of
SU(2)L × SU(2)R ≡ SO(4) Goldstone bosons, described altogether by a single unitary
matrix. After this breaking, the Lagrangian describing the low-energy model matches
the HEFT one, where the Wilson coefficients ci are written in terms of the high-energy
coefficients, c˜i, in the notation of Refs. [112,134].
The analysis in Refs. [112,134] considered up to four-derivative operators and therefore,
once focusing only on the genuine quartic operators, the results of Tab. 7.7 in this paper
can be used to constrain the operator coefficients c˜4, c˜5 and c˜6 that appear in Tab. 1 in
7.2 The EFT approach to W+W+ scattering at LHC 93
0.010 0.015 0.020 0.025 0.030 0.035
-f62[TeV-2]1.5
2.0
2.5
3.0
3.5
4.0
4.5
Λ[TeV]
5.×10-5 1.×10-4 2.×10-4 -fT0[TeV-4]1.5
2.0
2.5
3.0
3.5
4.0
4.5
Λ[TeV]
2.×10-5 5.×10-5 1.×10-4 2.×10-4 -fT1[TeV-4]1.5
2.0
2.5
3.0
3.5
4.0
4.5
Λ[TeV]
5.×10-5 1.×10-4 2.×10-4 5.×10-4 -fT2[TeV-4]1.5
2.0
2.5
3.0
3.5
4.0
4.5
Λ[TeV]
Figure 7.16: Same description and operators as in Fig. 7.14. Negative values for ci and fi
are considered.
Ref. [112]. Adopting the NDA normalisation, the c6 and c11 coefficients can be written as
c6 = −8pi2 ξ c˜6 + 16pi2 ξ2 c˜4 , c11 = 16pi2 ξ2 c˜5 . (7.30)
An explicit value for ξ can be extracted once taking the values in Tab. 7.7: assuming, for
example, the specific values for c˜i coefficients indicated inside the brackets,
c6(c˜4 = −1, c˜6 = 0) = −0.3 =⇒ ξ = 0.04
c6(c˜4 = 0, c˜6 = 1) = −0.3 =⇒ ξ = 0.004
c11(c˜5 = 1) = 0.11 =⇒ ξ = 0.026
c11(c˜5 = −1) = −[0.076, 0.14] =⇒ ξ = [0.026, 0.03] .
(7.31)
As a second example, one can consider the so-called Minimal Linear σ Model [135],
that is a renormalizable model which may represent the UV completion of the Minimal
CH model. Also in this case, only up to four-derivative operators have been considered in
the low-energy limit; while the Wilson coefficient c11 does not receive any contribution, c6
turns out to be dependent only from c˜4 = 1/64. The parameter ξ is fixed to be
ξ = 0.35 . (7.32)
This result should be interpreted as follows: in case of a NP discovery in the W+W+
scattering with a significance of more than 5σ, in the Lorentz configurations described by
the P6 operator, and assuming that this NP corresponds to the Minimal Linear σ Model,
the parameter ξ would take the value in Eq. (7.32). However, such a large value would be
already excluded considering EW precision observable constraints [135] (for a review see
Ref. [111]). It follows that the Minimal Linear σ Model cannot explain such a NP signal
on W+W+ scattering.
An alternative possibility to extract bounds on ξ is to consider the traditional relation
between the scale f and the cut-off Λ present in the CH scenario [136],
f < Λ < 4pif . (7.33)
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After a simple manipulation, this expression can be written in terms of the parameter ξ as
v2
Λ2
< ξ < 16pi2
v2
Λ2
. (7.34)
This relation provides model independent bounds on ξ that can be derived looking at the
discoverability plots in Figs. 7.13-7.16. Considering again, as an example, the P11 operator,{
c11 > 0 → Λ ≈ 2 TeV =⇒ 0.015 < ξ < 2.4
c11 < 0 → 1.5 TeV . Λ . 2.3 TeV =⇒ 0.011 < ξ < 4.2
(7.35)
compatible with the results in Eqs. (7.31) and (7.32). Similar ranges of values can be found
for the other operators.
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7.2.3 The SMEFT discovery regions in HE-LHC phase
In this Section we report the results on the discovery regions calculated for a 27 TeV
machine and compare them with the discovery regions obtained at 14 TeV (HL-LHC). In
the HL-LHC case, for all the individual dimension-8 operators that affect genuinely the
WWWW quartic coupling the triangles were found to be rather narrow or even entirely
empty (for OS1). This Section is devoted to the verification if an increased beam energy
and integrated luminosity will translate into larger EFT triangles. The resuls are presented
in the Madgraph convention (same as was the case of 14 TeV SMEFT analysis). Moreover,
we interpret both the HL-LHC and HE-LHC SMEFT discovery regions, i.e. we check what
values of the BSM couplings the discovery regions that we found, correspond to. For the
latter goal we shall subsequently translate our results to be presented first in the Madgraph
normalization, to the physically well justified NDA normalization.
The methodology is a copy of the one presented in 7.2.1. The only difference is the
updated MadGraph version (v5.2.6.2). We disregard here the fact that an increased beam
energy may lead to a re-optimization of the detector geometries and of selection criteria in
order to accommodate for the slightly different event topologies.
Fig. 7.17 shows the results for the individual operators S0, S1, T0, T1, T2, M0, M1
and M7, in comparison with results at 14 TeV (for positive f values). Not unexpectedly,
all the triangles are shifted to lower f values compared to 14 TeV, the shift being as large
as almost an order of magnitude. However, the total area of the triangles does not get
significantly larger as we increase the energy. This is because the EFT consistency criterion
pushes the effective upper limits on f in a similar manner as does the BSM observability
criterion for the lower limits. Overall, the shapes and sizes of all the EFT triangles are
remarkably similar for 27 TeV as for 14 TeV, only their respective positions differ. Fig. 7.18
shows the respective results for negative f values of S0, S1, T0, T1, T2, M1 and M7.
Here exactly the same observations can be made again. The negative f values of M0
look virtually identical to their positive counterparts, since for these operators the SM-
BSM interference term in the total amplitude calculation is practically negligible (see the
discussion of Sec. 7.1.5), and so we do not show them here. There is no triangle at all for
S1, for which the overall lower limit for BSM observability is about 1.2 TeV−4 and the
upper limit for EFT consistency is 1.4 TeV−4. Here as well we observe a similar behavior
as for 14 TeV. Such as for 14 TeV, full detector simulation with reducible backgrounds
included can only make the picture worse.
For the sake of a convenient comparison between the respective results at two different
pp beam energies, in the bulk of this study we have always assumed the same integrated
luminosity of 3 ab−1 for both cases. This number is appropriate for the HL-LHC stage,
but underestimates the expected statistical power of the HE-LHC. However, it is trivial
to recalculate all the results to 15/ab in order to get the true expected discovery reach of
the HE-LHC, taking into account its actual expected luminosity. An increase of statistics
by a factor 5 will lead to a further shift of all the EFT triangles by a factor close to
√
5,
both in the 5σ discovery and the 2σ consistency curves (in fact, somewhat less than that
because of non-linear dependence of the BSM signal on the value of the individual Wilson
coefficients). It will not significantly change either the shape nor the size of triangles. A
comparison of results calculated for the same pp beam energy of 27 TeV and two different
integrated luminosities is exemplified for the M1 operator in Fig. 7.19.
Our simple procedure to suppress the high-mass tails by applying a (Λ/MWW )4 weight
to events generated above the scale of Λ works reasonably well in the vicinity of the
unitarity limit. In this region it produces a tail falling approximately like 1/M2WW , which
is the expected asymptotic (i.e. for MWW >> Λ) behavior of the total cross section after
regularization. It nonetheless becomes too strong as we go to Λ << MU , where the total
cross section is still dominated by the SM contribution which does not require any further
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suppression. Moreover, for low values of Λ the tail itself becomes large, leading to large
uncertainties due to the details of its modelling. We have discontinued the curves on
Figs. 7.17 and 7.18 below the values at which we find the method lead to the unphysical
result of signal being suppressed below the SM level itself. For this reason the EFT triangles
for T0, T1 and T2 do not close. For the remaining cases, however, they are completely
contained in the region where our simple method is still viable.
Assuming that the departure form the SM predictions is indeed observed at the HL/HE-
LHC we turn to the question what can be said about the couplings corresponding to the
discovery regions found for each “EFT model”. While the probed Λ scale can be read off
directly from figs. 7.17, 7.18, some matching between fundamental parameters of a deeper
BSM physics and the Wilson coefficients ci of the low energy approximation is needed to
extract the information about couplings.
Let us start with operators that contain the stress tensor Wµν . Since W iµ is an elemen-
tary gauge field that couples to particles in the high-energy theory only via electroweak
interactions, and the EFT is given by integrating out heavy particles, then every gauge
field comes along with a factor of the SM electroweak gauge coupling g. Therefore, the
counting rule for W iµν as known from eq. (7.6) should be replaced by the following, more
specific one: [ g
Λ2
Wµν
]NWµν
. (7.36)
which is implied by eq. (7.4). The Madgraph normalization (left hand side) is related to
normalization predicted by NDA (right hand side) as follows:
LSMEFT ⊃ fiOi ≡ ci · 2 g2Λ4Oi, i = M0,M1
fiOi ≡ ci · 22 g416pi2Λ4Oi, i = T0, T1, T2
fiOi ≡ ci · 22 g2Λ4Oi, i = M6,M7
(7.37)
The factor 2 follows from the relation Tr[WαβWµν ] = 12W
i
αβW
i
µν since in NDA the stress
tensor W iµν is used for counting purposes rather than the matrix form Wµν . Extra factor
2 in case of M6, M7 operators is due to differences in the SU(2) structure, as can be seen
from the relation OM7 = 12OM1 + . . . , while 116pi2 in front of T operators is a single loop
suppression factor suggested by the 4-th power of the electroweak coupling factored out.
We remind the reader that the remaining dimensionless factors ci in eq. (7.37) are naturally
expected to be bounded by O(1) numbers if the underlying BSM theory is weakly-coupled
(i.e. is in the perturbative regime).
Using (7.37), it is straightforward to find the range of ci corresponding to the discovery
regions shown in Fig. 7.17, 7.18. The numerical values, presented in Table 7.8 and 7.9 for
27 and 14 TeV case, respectively, are found to be roughly consistent. However, instead
of being of order 1 they are much larger. It suggests that in case of linearly realized
spontaneous breaking of SU(2) × U(1) symmetry our method of probing BSM physics is
sensitive only to strong dynamics.
Since the character of the gauge field W iµ is the same in both SMEFT and HEFT
hypotheses, the above conclusion holds for HEFT discovery regions as well8, as far as the
OT0,OT1,OT2 operators are considered (these operators are common to both bases).
8We want to emphasis to the reader that the conclusions on matching to concrete CH models presented
in Sec. 7.2.2 are left intact by current considerations – the operators P6,P11 are not built out of Wµν
tensors.
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fi > 0 T0 T1 T2 M0 M1 M7
cmini –c
max
i 130.–770. 120.–1300. 670.–2200. 23.–32. 45.–133. 33.–140.
fi < 0 T0 T1 T2 M1 M7
cmini –c
max
i 110.–1500. 140.–2600. 410.–4500. 48.–130. 54.–270.
Table 7.8: For each “EFT model” characterized by a choice of a single n = 8 operator shown
are the ranges of the overall coefficients ci in eq. 7.37 that correspond to the discovery
regions found in the 27 TeV study.
fi > 0 T0 T1 T2 M0 M1 M7
cmini –c
max
i 137.–790. 76.–1300. 280.–2200. 23.-33. 38.-140. 24.-130.
fi < 0 T0 T1 T2 M0 M1 M7
cmini –c
max
i 510.–1400. 170.–1200. 700.–4100. 23.-33. 45.-140. 24.-140.
Table 7.9: See Table 7.8 for description; 14 TeV case.
We turn now to the discussion of the S0 and S1 operators. We assume these are
generated at loop level in the BSM. Otherwise they would come associated with n = 6
operators, which are neglected in our analysis. Then, the NDA suggests
L ⊃ fiOi ≡ ci · g
4∗
16pi2Λ4
Oi, i = S0, S1 (7.38)
Again, ci are some combinations of BSM couplings and naturally expected to be bounded
by 1. If we set ci = 1 in eq. (7.38), then for fS0 > 0 we find that that g∗ ∈ (8.5; 10.) and
g∗ ∈ (8.4; 10.) in the 14 and 27 TeV case respectively. For fS0 < 0 we find g∗ ∈ (6.2; 8.9)
and g∗ ∈ (7.3; 8.8) for the 14 and 27 TeV case, respectively. The coupling is large, but
interestingly it satisfies g∗ < 4pi. For fS1 the discovery regions are empty for both 14 and
27 TeV cases for both signs.
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Figure 7.17: Regions in the Λ vs f (positive f values) space for dimension-8 operators in
which a 5σ BSM signal can be observed and the EFT is applicable. The unitarity limit
is shown in blue; the lower limits for a 5σ signal significance from Eq. (7.25) (red) and
the upper limit on 2σ EFT consistency (black). The solid (dotted) lines correspond to√
s = 27 (14) TeV. Assumed is the integrated luminosity of 3 ab−1.
7.2 The EFT approach to W+W+ scattering at LHC 99
Figure 7.18: Regions in the Λ vs f (negative f values) space for dimension-8 operators in
which a 5σ BSM signal can be observed and the EFT is applicable. The unitarity limit
is shown in blue; the lower limits for a 5σ signal significance from Eq. (7.25) (red) and
the upper limit on 2σ EFT consistency (black). The solid (dotted) lines correspond to√
s = 27 (14) TeV. Assumed is the integrated luminosity of 3 ab−1.
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Figure 7.19: Regions in the Λ vs f (negative f values) space for M1 operator in which a
5σ BSM signal can be observed and the EFT is applicable. The unitarity limit is shown in
blue; the lower limits for a 5σ signal significance from Eq. (7.25) (red) and the upper limit
on 2σ EFT consistency (black). The solid (dotted) lines correspond to 15 ab−1 (3 ab−1 ).
Assumed is
√
s = 27 TeV.
Chapter 8
Conclusions and Outlook
The Standard Model is most probably only an effective low energy description of particles
and their interactions – there are many observational facts (e.g. the existence of Dark
Matter, matter-antimatter asymmetry in the Universe) as well as some theoretical puzzles
of the SM itself that show that the SM needs to be embedded into a deeper theory. In
particular the spontaneous symmetry breaking triggered by the single scalar doublet Φ
can be regarded as a simple parametrization of the SSB to be completed with some larger
sector. The process that is particularly sensitive to effects of new particles interacting
electroweakly and probing the Higgs mechanism is scattering of theW and Z vector bosons.
It is quite possible that measurements of the vector boson scattering processes at the LHC
will reveal some deviations from the Standard Model predictions, but no new particles will
be observed directly.
Broadly speaking, the goal of this thesis has been, first of all, to estimate in the Effective
Field Theory framework the discovery potential for the physics beyond the Standard Model
in the vector boson scattering process. The second question that has been addressed is
what can we learn about new physics by analysing the data for the vector boson scattering
in the framework of the EFT once some deviations from the Standard Model predictions
are indeed observed. For both issues, the special attention and emphasis has been given
to the use of the EFT in its range of validity, the point overlooked in the earlier literature.
Two different effective field theories for the SM physical degrees of freedom have been
used, to describe the linear and the non-linear realisation of the Higgs sector dynamics.
First, there is the Standard Model Effective Field Theory (SMEFT) where the SU(2)L ×
SU(2)R symmetry in the Higgs sector is realised linearly, with the Higgs field being a
SU(2)L × SU(2)R bi-doublet. The other one is the Higgs Effective Field Theory (HEFT)
in which the SU(2)L × SU(2)R symmetry is realized non-linearly, on the three Goldstone
bosons eaten up by the gauge fields. The physical Higgs field may be either a singlet
of the diagonal, the so-called custodial, symmetry SU(2)C (if in an UV completion the
SU(2)L × SU(2)R symmetry is realised linearly at a certain level) or an additional field
never forming the Higgs doublet with the three Goldstone bosons. This Lagrangian is the
most general description of the EW and Higgs couplings, satisfying the gauge symmetry
of the SM: in specific limits, it may reduce to the SM Lagrangian, or may coincide with
the SMEFT one, or may match the description of Composite Higgs (CH) models.
In this work the prospects have been analyzed for discovering physics beyond the SM
at the HL-LHC and HE-LHC in the EFT framework applied to the VBS amplitudes in
the process pp → W+W+jj. We have introduced the concept of EFT ”models” defined
by the choice of non-renormalizable operators and values of the Wilson coefficients and
analyzed ”models” based on a single operator at a time added to the SM Lagrangian. The
effective parameters in the EFT approach are the Wilson coefficients fi and not the cut-off
scale Λ itself. The latter is unknown without referring to specific UV complete models.
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In fact Λ can be varied in a certain range after the EFT ”model” is specified: Λ <
√
sU ,
where
√
sU is the partial wave unitarity bound, which is a function of fi. Clearly, the
unitarity bound plays a crucial role in the context of proper use of the EFT description.
The region of validity of the EFT description of the WW scattering is determined by the
condition MWW < Λ <
√
sU where MWW is the WW invariant mass. This aspect had
not been properly accounted for in the literature on VBS at the LHC. In this work this
criterion has been applied to the binary VBS amplitude, which is an approximation in the
context of the process pp → 2jets + 2lepton pair. In the thesis we have also developed a
formalism for a determination of partial wave unitarity constraints directly in the process
pp→ 2jets+WW but left its application to VBS described by the EFT ”models” studied
in this thesis for future study.
We have determined the discovery regions in the parameters (Λ, fi) for certain class
of EFT ”models” in their range of validity. Thus, if the BSM physics would be well
approximated by those EFT "models" with the values of the parameters in the obtained
discovery regions, it should manifest itself at the LHC. These positive results obtained
on the basis of the simple EFT "models" strongly suggest that similar studies should
evolve in the direction of multidimensional analysis with many higher dimension operators
included at a time. This in turn may require global simultaneous analysis of many processes
(including WZ, ZZ and semi-leptonic WV , if not other processes) to help to disentangle
the correlations between signals originating from different operators.
With the choice of the same signWW scattering process for our study, often considered
as a "gold-plated" process due to its relatively good signal to background ratio, we have
been facing at the same time a strong technical challenge due to the lack of direct experi-
mental access to the WW invariant mass. The invariant mass MWW is directly related to
the intrinsic range of validity of the EFT approach and it is important to tackle this issue
correctly in the estimation of the discovery potential and in the future data analysis in
order to study the underlying BSM physics. While this is relatively simple (in principle)
for final states where MWW can be determined on an event-by-event basis, the value of
MWW is unfortunately not available in leptonic W decays. We argue that use of EFT
”models” in the analysis of purely leptonic W decay channels requires bounding the possi-
ble contribution from the region MWW > Λ (the tail), no longer described by the ”model”,
and ensuring that it does not significantly distort the measured distributions compared to
what they would have looked from the region of EFT validity alone. In particular the tail
of the MWW distribution with MWW > Λ should not have any significant impact on the
fit of an EFT ”model” to the data. We have proposed a solution to this problem.
Considering first the SMEFT case, our choice for the higher-dimension operators was
motivated by the fact that VBS can be regarded as a genuine process for probing the
dimension-8 operators that modify the quartic WWWW coupling but do not affect triple
electroweak couplings. We have found that with a possible exception of one operator
(denoted as OS1) all dimension-8 operators which affect the WWWW quartic coupling
have regions of the "model" validity where a 5σ BSM signal can be observed at HL-LHC
with 3 ab−1 of data and the contribution from the region MWW > Λ is small.
Going now the HEFT case, we have used the Naive Dimension Analysis considerations
to justify the choice of the HEFT operators – we have considered primary dimension-8
operators since these are expected to have similar impact on the phenomenology as the
dimension-8 SMEFT operators already chosen. Interestingly among these operators there
are three, denoted by T42, T43, T44, that do not have siblings in SMEFT at dimension-
8. They correspond to distinct interactions (Lorentz structures of the WWWW vertex).
Their discovery regions are relatively large with the following bound on the probed BSM
scale: 2TeV ≤ Λ ≤ 3.5TeV. These findings are to be regarded as a first step in a well
motivated pursue for establishing a global analysis framework aiming at distinguishing
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between the SMEFT and HEFT hypotheses in the real forthcoming data, once the latter
exhibits significant deviations from the SM predictions.
The obtained results for the discovery potential of the HEFT ”models” can be translated
into bounds on the parameters of UV theories that project at low-energy on the HEFT
operators. The case of the Composite Higgs model has been discussed, considering first
a generic SO(5)/SO(4) CH description and then the so-called Minimal Linear σ Model.
In both cases, interesting bounds have been found on the values that can be tested of the
parameter ξ, that measures the level of non-linearity of the Higgs sector and its fine-tuning.
These bounds are independent from those extracted from EW precision observables or the
absence of any composite resonance.
When comparing the results presented here for the HEFT operators with the earlier
literature, it is worth mentioning that in Ref. [63] the value of 0.8 for the coefficients c11
and c6 has been considered (in the NDA normalisation adopted in this paper) . Therefore
it is outside the discoverability regions identified for the operators P6 and P11. The reason
for this discrepancy is the additional constraint, namely that the tail, i.e. the MWW > Λ
region, must be negligible in the signal estimate in the EFT framework. This exemplifies the
relevance of the procedure illustrated here to interpret data on same-sign WW scattering
in terms of the HEFT Lagrangian.
Although an increase of the LHC energy vastly improves the sensitivity to new physics
effects in VBS processes, the question of EFT applicability is a different one and, as a
result of our investigation, we conclude that it cannot be solved by changing the energy;
we examined the HE-LHC case (27 TeV c.o.m pp collision energy) and compared it with the
HL-LHC (14 TeV c.o.m) case. Rephrasing it, the discovery regions do not get significantly
larger in the HE-LHC study compared to the HL-LHC; they only shift to lower values of
fi and larger scales of Λ. This is because of the lack of experimental access to the WW
invariant mass and the need to control the tail of the distribution for describing the data
in terms of the EFT. This conclusion holds regardless of the actual proton beam energy.
We turn now to the second question. Discovering experimentally some statistically sig-
nificant deviations from the SM predictions in the VBS would clearly indicate the presence
of BSM physics, even if no new particles are directly observed. Obviously, fitting them to
EFT "models" makes sense only if one takes into account the region of validity of such
‘’models". Therefore, the results of this thesis will be very relevant for such fits. Moreover,
such fits will be useful if a successful fit in in an EFT framework would hint to (select)
some classes of UV complete BSM theories.
Indeed, we have shown that from such analysis it may be possible to learn something
about the underlying UV completion of the full theory. Successful determination of a given
f value, using a procedure that respects the EFT restricted range of applicability, will put
non-trivial bounds on the value of Λ and consequently, the BSM coupling ci. These bounds
are rather weak for OT0, OT1 and OT2 operators, but potentially stronger for OM0, OM1,
OM6 and OM7. In particular, applicability of the EFT in terms of these operators already
requires Λ ≥ 2 TeV, while stringent upper limits arise from the unitarity condition. Because
of relatively low sensitivity to fS0 and fS1, it will unfortunately be hard to learn much
aboutWLWL physics using the EFT approach with dimension-8 operators. Our results are
important for both the SMEFT and HEFT fits and for future multidimensional analyses
mentioned earlier.
We end this thesis with a short discussion of future directions and prospects. Con-
sideration of other VBS processes and W decay channels may significantly improve the
situation with regard to our both questions. In particular, the semileptonic decays, where
one W+ decays leptonically and the other W+ into hadrons, have never been studied in
VBS analyses because of their more complicated jet combinatorics and consequently much
higher background. Progress in the implementation of W -jet tagging techniques based on
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jet substructure algorithms may render these channels interesting again. However, they
are presently faced with two other experimental challenges. One is the precision of the
MWW determination which relies on the missing-ET measurement resolution. The other
one is poor control over the sign over the hadronic W . The advantages would however be
substantial. If MWW can be reconstructed with reasonable accuracy, it is straightforward
to fit f and Λ to the measured distribution in an EFT-consistent way even for arbitrarily
large f . Existence of a high-MWW tail above Λ is then not a problem, but a bonus, as it
may give us additional hints about the BSM physics. Finally, because of the invariant mass
issue, the ZZ scattering channel, despite its lowest cross section, may ultimately prove to
be the process from which we can learn the most about BSM in case the LHC fails to
discover new physics directly.
Last but not least, we have argued that qualitative conclusions on the influence of
non-renormalizable operators on the full process can be drawn from the analysis of the
polarized on-shell WW scattering amplitudes. It may have interesting phenomenological
consequences: the polarizations of the outgoing W bosons that dominate the unpolarized
cross section at largeMWW are different for SMEFT ”models” defined by operators belong-
ing to different S, T, M subsets. The latter fact can be inferred from our detailed on-shell
W+W+ scattering analysis bulk of which is presented in the Appendices. There are new
theoretical ideas how to learn from experimental data about those polarizations [137]. If
indeed possible, one could discriminate between contributions from different EFT models
defined by a single (or at most two) operator. This would be a test for classes of UV
completions containing it in its low energy approximation such an operator, independently
of the presence of other operators as well.
In the above, there are already several important directions pointed out, in which the
study can be extended. A few more interesting examples we mention below:
First, apart from restrictions from unitarity, there is possibly another set of bounds
on the EFT ”models”, the so-called ”positivity bounds”. Since these are inferred from
fundamental features of QFT, e.g. analyticity and unitarity, they are model independent
and therefore are valid in the context of the EFT approach. For a single operator at a
time analysis these limitations set bound on the sign of Wilson coefficient fi. For more
non-zero Wilson coefficients considered simultaneously, these bounds have form of certain
bounded regions in the fi space. Interestingly, the framework of how to solve for these
”positivity bounds” in the general case has been established [138]. Application of such
bounds would be relevant in the context of global analyses where more than single fi at a
time is considered.
Second, the analysis of discovery regions can be straightforwardly extended to CP odd
operators contributing to same-sign WW scattering. The contribution of the CP-odd
operators to the WW scattering has not yet been discussed in the literature. The study
of CP odd operators is of particular interest as C, CP violation by BSM is a necessary
condition for explaining the observed matter-antimatter asymmetry in the universe (which
the SM fails to explain).
Third, dimension-6 operators could be discussed in the context ofWW scattering, with
inclusion of the bounds, consistently obtained with our EFT strategy, from independent
measurements in the Higgs sector and other precision electroweak data. For a recent
discussion on the effects of n = 6 SMEFT operators in ZZ elastic scattering at LHC,
taking into account the bounds on the n = 6 operators but not the unitarity issue, see [59].
The EFT approach to the VBS is a subject under active investigations and those are just
some examples of possible directions.
Appendix A
On-shell gauge boson scattering in
the SM: unitary cancelations
This appendix is a supplement to the content of Chapter 5. Shown are explicit formulas
that illustrate cancellations among tree-level vector bosons scattering diagrams, leading to
a perturbative partial wave unitarity bounds fulfilment. For details on the discussion see
that Chapter.
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Table A.1: Shown are cancellations between various diagram subsets leading to unitarity fulfilment. Analyzed
are tree-level helicity amplitudes for W+W+ → W+W+ process. iMZ+A denotes sum over Zµ and Aµ
exchange diagrams; in iMZ+A+Contact the contact term is added; shown are only the leading terms of the
helicity amplitudes in the asymptotic limit s → ∞; column 3. and 5. show the leading asymptotic s
dependence in the amplitudes iMZ+A and iMZ+A+Contact respectively; the last column corresponds to the
full tree-level amplitude.
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Table A.2: The leading terms in the asymptotic limit s → ∞ of the tree-level helicity amplitudes for
W+W+ → W+W+ process (column 2.); The leading terms are at most constant in energy – unitarity is
preserved in the SM; polarized fractions contributions to the total unpolarized cross sections in pb (column
3.)
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Table A.3: Shown are cancellations between various diagram subsets leading to unitarity fulfilment. Analyzed
are tree-level helicity amplitudes for W+W− → W+W− process. iMZ+A denotes sum over Zµ and Aµ
exchange diagrams; in iMZ+A+Contact the contact term is added; shown are only the leading terms of the
helicity amplitudes in the asymptotic limit s → ∞; column 3. and 5. show the leading asymptotic s
dependence in the amplitudes iMZ+A and iMZ+A+Contact respectively; the last column corresponds to the
full tree-level amplitude.
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Table A.4: The leading terms in the asymptotic limit s → ∞ of the tree-level helicity amplitudes for
W+W− →W+W− process (column 2.); the exponent of the leading behavior (column 3.)
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- 0 0 + −2is cos
2( θ2) cos(θ)c
3
W
v2
1 1
sv2
i csc2( θ2)cW (−12c4W+3c2W+ −1 −1
cos(θ)(16c4W−5c2W+1)−1)m4Z
- 0 + + − i
√
2
√
s cos(θ) sin(θ)c3WmZ
v2
1
2
4i
√
2 cot(θ)c3W (8c
2
W−3)m5Z
s3/2v2
−32 −32
- + - - 2i sin
2(θ)c4Wm
2
Z
v2
0 −4ic
2
W (4c
2
W+1)m
4
Z
sv2
−1 −1
- + - 0 i
√
s csc2( θ2) sin
3(θ)c4WmZ√
2v2
1
2 −
2i
√
2 cot( θ2)c
2
W (4c
2
W+1)m
3
Z√
sv2
−12 −12
- + - + i(cos(2θ)+7) cot
2( θ2)c
4
Wm
2
Z
v2
0
8i cot2( θ2)c
4
Wm
2
Z
v2
0 0
- + 0 0 − is sin2(θ)c4W
v2
1
2ic2Wm
2
Z
v2
0 0
0 0 - - is(cos(2θ)+7)c
2
W
2v2
1
2im2Z
v2
0 −1
0 0 - 0 − is3/2 cos(θ) sin(θ)c2W√
2v2mZ
3
2
2i
√
2 cot(θ)(4c4W−2c2W+1)m3Z√
sv2
−12 −12
0 0 - + − is sin2(θ)c2W
v2
1
2i(1−2c2W )2m2Z
v2
0 0
0 0 0 0 − is2(cos(2θ)−5)c2W
4v2m2Z
2 is
v2
1 0
Table A.5: Shown are cancellations between various diagram subsets leading to unitarity fulfilment. Analysed
are tree-level helicity amplitudes for W+W− → ZZ process. iMA denotes sum over Aµ exchange diagrams;
in iMA+Contact the contact term is added; shown are only the leading terms of the helicity amplitudes in
the asymptotic limit s→∞; column 3. and 5. show the leading asymptotic s dependence in the amplitudes
iMA and iMA+Contact respectively; the last column corresponds to the full tree-level amplitude.
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helicity iMfull ∼ sn, n =
- - - - 32i csc
2(θ)c4Wm
2
Z
v2
0
- - - 0 −4i
√
2 cot(θ)c2Wm
3
Z√
sv2
−12
- - - + −4ic
2
W (8c
4
W−4c2W+1)m4Z
sv2
−1
- - 0 0 2ic
2
Wm
2
Z(−m2h+4 csc2(θ)c2Wm2Z+4(c2W+1)m2Z)
sv2
−1
- - 0 + −4i
√
2 cot(θ)c4W (8c
2
W−3)m5Z
s3/2v2
−32
- - + + 4ic
2
Wm
4
Z(8 csc
2(θ)m2Zc
6
W−m2h+2(−8c4W+4c2W+1)m2Z)
s2v2
−2
- 0 - - 4i
√
2 cot(θ)cWm
3
Z√
sv2
−12
- 0 - 0 i csc
2( θ2)cW (4c
2
W+cos(θ)−1)m2Z
v2
0
- 0 - + 2i
√
2 cot( θ2)cW (8c
4
W−4c2W+1)m3Z√
sv2
−12
- 0 0 0 −2i
√
2 cot(θ)cW (2c2W+1)m
3
Z√
sv2
−12
- 0 0 + i csc
2( θ2)cW (−12c4W+3c2W+cos(θ)(16c4W−5c2W+1)−1)m4Z
sv2
−1
- 0 + + 4i
√
2 cot(θ)c3W (8c
2
W−3)m5Z
s3/2v2
−32
- + - - −4ic
2
W (4c
2
W+1)m
4
Z
sv2
−1
- + - 0 −2i
√
2 cot( θ2)c
2
W (4c
2
W+1)m
3
Z√
sv2
−12
- + - + 8i cot
2( θ2)c
4
Wm
2
Z
v2
0
- + 0 0 2ic
2
Wm
2
Z
v2
0
0 0 - - 8i csc
2(θ)(2c3W−cW )2m4Z+4i(4c4W−c2W+1)m4Z−2im2hm2Z
sv2
−1
0 0 - 0 2i
√
2 cot(θ)(4c4W−2c2W+1)m3Z√
sv2
−12
0 0 - + 2i(1−2c
2
W )
2m2Z
v2
0
0 0 0 0 − i(m
2
h−8 csc2(θ)c2Wm2Z+2c2Wm2Z)
v2
0
Table A.6: The leading terms in the asymptotic limit s → ∞ of the tree-level helicity amplitudes for
W+W− → ZZ process (column 2.); the exponent of the leading behavior (column 3.)
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helicity iMA ∼ sn iMA+Quartic ∼ sn ∼ sn
n = n = n =
- - - - i(15 cos(θ)+14 cos(2θ)+cos(3θ)−62)c
4
Wm
2
Z
4v2(cos(θ)+1)
0 −8i sec
2( θ2)c
4
Wm
2
Z
v2
0 0
- - - 0 − i
√
s(cos(θ)+3) sin(θ)c4WmZ√
2v2
1
2 −
i
√
2c2W (4c
2
W+cos(θ)−1)m3Z tan( θ2)√
sv2
−12 −12
- - - + − i sin2(θ)c4Wm2Z
v2
0 −2i(cos(θ)−1)c
2
W (2c
4
W+4c
2
W−1)m4Z
sv2
−1 −1
- - 0 - − i
√
s(cos(θ)+3) sin(θ)c3WmZ√
2v2
1
2 −
i
√
2cW (−8c4W+12c2W+cos(θ)−1)m3Z tan( θ2)√
sv2
−12 −12
- - 0 0 − is(cos(2θ)+7)c3W
4v2
1 − i(cos(θ)+1)cWm2Z
v2
0 −1
- - 0 + − i
√
s(cos(θ)−3) sin(θ)c3WmZ√
2v2
1
2 −
i
√
2 sin(θ)cWm
3
Z√
sv2
−12 −32
- - + - − i sin2(θ)c4Wm2Z
v2
0 −2i(cos(θ)−1)c
2
W (2c
4
W+4c
2
W−1)m4Z
sv2
−1 −1
- - + 0 − i
√
s(cos(θ)−3) sin(θ)c4WmZ√
2v2
1
2 −
i
√
2 sin(θ)c2Wm
3
Z√
sv2
−12 −32
- - + + i(−12 cos(θ)+cos(2θ)−5)c
4
Wm
2
Z
2v2
0
2i(cos(θ)−1)c2Wm4Z
sv2
−1 −2
- 0 - 0 − is sin2(θ)c4W
2v2
1
i(cos(θ)−1)c2Wm2Z
v2
0 0
- 0 - + i
√
s(cos(θ)+1) sin(θ)c4WmZ√
2v2
1
2
i
√
2 sin(θ)c2W (1−6c2W )m3Z√
sv2
−12 −12
- 0 0 - − is sin2(θ)c3W
2v2
1 − icW (4c
2
W+cos(θ)+1)m
2
Z tan
2( θ2)
v2
0 0
- 0 0 0 − is3/2(cos(θ)−3) sin(θ)c3W
2
√
2v2mZ
3
2 − i
√
s sin(θ)cWmZ√
2v2
1
2 −12
- 0 0 + is cos
2( θ2)(cos(θ)−3)c3W
v2
1
i(cos(θ)+1)cWm
2
Z
v2
0 −1
- 0 + - − i
√
2
√
s sin2( θ2) sin(θ)c
4
WmZ
v2
1
2
4i
√
2 csc(θ) sin4( θ2)c
2
W (6c
2
W−1)m3Z√
sv2
−12 −12
- 0 + 0 − is(cos(θ)−3) sin
2( θ2)c
4
W
v2
1
i(cos(θ)−1)c2Wm2Z
v2
0 −1
- + - + 2i cos
2( θ2)(cos(θ)−3)c4Wm2Z
v2
0 −4i(cos(θ)+1)c4Wm2Z
v2
0 0
- + 0 - i
√
2
√
s sin2( θ2) sin(θ)c
3
WmZ
v2
1
2 −
4i
√
2 csc(θ) sin4( θ2)cW (4c
4
W+2c
2
W−1)m3Z√
sv2
−12 −12
- + 0 0 is sin
2(θ)c3W
2v2
1
i(cos(θ)−1)cW (2c2W−1)m2Z
v2
0 0
- + 0 + − i
√
s(cos(θ)+1) sin(θ)c3WmZ√
2v2
1
2
i
√
2 sin(θ)cW (4c4W+2c
2
W−1)m3Z√
sv2
−12 −12
- + + - 4i(cos(θ)−3) sin
4( θ2)c
4
Wm
2
Z
v2(cos(θ)+1)
0 −32i csc
2(θ) sin6( θ2)c
4
Wm
2
Z
v2
0 0
0 - 0 - − is sin2(θ)c2W
2v2
1
i(−8c4W+8c2W+cos(θ)−1)m2Z
v2
0 0
0 - 0 0 − is3/2(cos(θ)−3) sin(θ)c2W
2
√
2v2mZ
3
2 − i
√
s sin(θ)mZ√
2v2
1
2 −12
0 - 0 + − is(cos(θ)−3) sin
2( θ2)c
2
W
v2
1
i(cos(θ)−1)m2Z
v2
0 −1
0 0 0 0 is
2(−12 cos(θ)+cos(2θ)−5)c2W
8v2m2Z
2 is(cos(θ)−1)
2v2
1 0
Table A.7: Shown are cancellations between various diagram subsets leading to unitarity fulfilment. Analyzed
are tree-level helicity amplitudes for W+Z →W+Z process. iMA denotes sum over Aµ exchange diagrams;
in iMA+Contact the contact term is added; shown are only the leading terms of the helicity amplitudes in
the asymptotic limit s→∞; column 3. and 5. show the leading asymptotic s dependence in the amplitudes
iMA and iMA+Contact respectively; the last column corresponds to the full tree-level amplitude.
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helicity iMfull ∼ sn, n =
- - - - −8i sec
2( θ2)c
4
Wm
2
Z
v2
0
- - - 0 4i
√
2 csc(θ)c2W ((cos(θ)−1)c2W−cos(θ))m3Z√
sv2
−12
- - - + −4ic
2
W ((cos(θ)−1)(c2W+2)c2W+1)m4Z
sv2
−1
- - 0 - −4i
√
2 csc(θ)cW ((cos(θ)−1)(2c2W−3)c2W+cos(θ))m3Z√
sv2
−12
- - 0 0 − 1
sv2
2i csc2(θ)cWm
2
Z(4 cos
4( θ2)m
2
h−sin2( θ2)((4 cos(θ)+cos(2θ)−5)c4W+
+2(−3 cos(θ)+cos(2θ)−2)c2W+6(cos(θ)+1))m2Z) −1
- - 0 + 2i
√
2cWm
3
Z(c
2
W (2(cos(θ)−1)c4W+(5 cos(θ)+3)c2W+2 cos(θ)+3)m2Z−cot2( θ2)m2h) tan( θ2)
s3/2v2
−32
- - + - −4ic
2
W ((cos(θ)−1)(c2W+2)c2W+1)m4Z
sv2
−1
- - + 0 −2i
√
2c2Wm
3
Z(cot(
θ
2)m
2
h−c2W (3(cos(θ)−1)c2W+6 cos(θ)+7)m2Z tan( θ2))
s3/2v2
−32
- - + + −
4ic2Wm
4
Z
(
m2h+
(
((cos(θ)−1)c3W+2(cos(θ)+1)cW )2
cos(θ)+1
−2
)
m2Z
)
s2v2
−2
- 0 - 0 −2ic2Wm2Z
v2
0
- 0 - + 2i
√
2 cot( θ2)c
2
W (3(cos(θ)−1)c2W+1)m3Z√
sv2
−12
- 0 0 - 2icW (2(cos(θ)−1)c
2
W−cos(θ)−1)m2Z
v2(cos(θ)+1)
0
- 0 0 0 − i csc(θ)cWmZ(2(cos(θ)+1)m
2
h+((−8 cos(θ)+3 cos(2θ)+5)c2W+6 cos(θ)+2)m2Z)√
2
√
sv2
−12
- 0 0 + 8i cos
2( θ2) csc
2(θ)cWm
2
Z(
1
2
(cos(θ)+1)m2h−sin2( θ2)(6(cos(θ)−1)c4W+3(cos(θ)+1)c2W+1)m2Z)
sv2
−1
- 0 + - −2i
√
2c2W (3(cos(θ)−1)c2W+1)m3Z tan( θ2)√
sv2
−12
- 0 + 0 −2i csc
2(θ) sin2( θ2)c
2
Wm
2
Z(2(cos(θ)+1)m
2
h+((−2 cos(θ)+9 cos(2θ)−7)c2W+4(cos(θ)+1))m2Z)
sv2
−1
- + - + −4i(cos(θ)+1)c4Wm2Z
v2
0
- + 0 - 2i
√
2cW ((cos(θ)−1)(2c2W+1)c2W+1)m3Z tan( θ2)√
sv2
−12
- + 0 0 2icW ((cos(θ)−1)c
2
W+1)m
2
Z
v2
0
- + 0 + 2i
√
2cW (2 sin(θ)c4W+sin(θ)c
2
W−cot( θ2))m3Z√
sv2
−12
- + + - −32i csc
2(θ) sin6( θ2)c
4
Wm
2
Z
v2
0
0 - 0 - −2i(1−2c
2
W )
2m2Z
v2
0
0 - 0 0 − i csc(θ)mZ(2(cos(θ)+1)m
2
h+(−4 sin2(θ)c4W+(−4 cos(θ)+cos(2θ)+11)c2W+2(cos(θ)−1))m2Z)√
2
√
sv2
−12
0 - 0 + −2im
2
Z(m
2
h+(−8c6W+sec2( θ2)(1−2c2W )2c2W+cos(θ)(2c3W+cW )2)m2Z)
sv2
−1
0 0 0 0 − i sec
2( θ2)(2(cos(θ)+1)m
2
h+(cos(2θ)+7)c
2
Wm
2
Z)
4v2
0
Table A.8: The leading terms in the asymptotic limit s → ∞ of the tree-level helicity amplitudes for
W+Z →W+Z process (column 2.); the exponent of the leading behavior (column 3.)
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λ1λ2λ
′
1λ
′
2 T (j=jmin)λ′1λ′2;λ1λ2 jmin =
- - - - 0 0
- - - 0 0 2
- - - + c
4
Wm
4
Z√
6pisv2
2
- - 0 0 c
2
Wm
2
Z(m
2
h−m2Z)
4pisv2
0
- - 0 + − c
3
Wm
3
Z((4c
2
W+1)m
2
Z−m2h)
4
√
3pis3/2v2
2
- - + + c
4
Wm
4
Z((4c
2
W+1)m
2
Z−m2h)
2pis2v2
0
- 0 - 0 0 1
- 0 - +
√
2c3Wm
3
Z
3pi
√
sv2
2
- 0 0 0 cWmZ(m
2
Z−m2h)
8
√
3pi
√
sv2
2
- 0 0 + c
2
Wm
2
Z((4c
2
W+1)m
2
Z−m2h)
8pisv2
1
- + - + c
2
Wm
2
Z
6piv2
2
- + 0 0 − c
2
Wm
2
Z(m
2
h+(4c
2
W−1)m2Z)
2
√
6pisv2
2
0 0 0 0 −m2h−m2Z
8piv2
0
Table A.9: The leading terms in the asymptotic limit s → ∞ of the tree-level partial wave amplitudes
(column 2.) for W+W+ →W+W+ process
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λ1λ2λ
′
1λ
′
2 T (j=jmin)λ′1λ′2;λ1λ2 jmin =
- - - - 0 0
- - - 0 c
3
Wm
3
Z
4
√
3pi
√
sv2
2
- - - + −
√
3
2
c4Wm
4
Z
4pisv2
2
- - 0 0 c
2
W (6c
2
W+1)m
4
Z
8pisv2
0
- - 0 + c
3
Wm
3
Z(m
2
h+(4c
2
W+1)m
2
Z)
8
√
3pis3/2v2
2
- - + + − c
4
Wm
4
Z(2m
2
h+m
2
Z)
4pis2v2
0
- 0 - 0 − c2Wm2Z
8piv2
1
- 0 - + − 3c3Wm3Z
4
√
2pi
√
sv2
2
- 0 0 - c
2
Wm
2
Z(m
2
h− 13(16c2W+5)m2Z)
16pisv2
1
- 0 0 0 − cWmZ(m
2
h+(4c
2
W+1)m
2
Z)
16
√
3pi
√
sv2
2
- 0 0 + − c
2
Wm
2
Z(3m
2
h+(32c
2
W+7)m
2
Z)
48pisv2
1
- 0 + - − c3Wm3Z
4
√
2pi
√
sv2
2
- 0 + 0 − c
2
Wm
2
Z(m
2
h+
1
3(4c
2
W−1)m2Z)
16pisv2
1
- + - + −7c2Wm2Z
24piv2
2
- + 0 0 c
2
Wm
2
Z
8
√
6piv2
2
- + + - c
2
Wm
2
Z
8piv2
2
0 0 0 0 −2m2h+m2Z
16piv2
0
Table A.10: The leading terms in the asymptotic limit s → ∞ of the tree-level partial wave amplitudes
(column 2.) for W+W− →W+W− process
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λ1λ2λ
′
1λ
′
2 T (j=jmin)λ′1λ′2;λ1λ2 jmin =
- - - - 0 0
- - - 0 c
2
Wm
3
Z
4
√
3pi
√
sv2
2
- - - + − c
2
W (8c
4
W−4c2W+1)m4Z
4
√
6pisv2
2
- - 0 0 c
2
Wm
2
Z(4(c
2
W+1)m
2
Z−m2h)
8pisv2
0
- - 0 + c
4
W (8c
2
W−3)m5Z
4
√
3pis3/2v2
2
- - + + − c
2
Wm
4
Z(m
2
h+2(8c
4
W−4c2W−1)m2Z)
4pis2v2
0
- 0 - - cWm
3
Z
4
√
3pi
√
sv2
2
- 0 - 0 − cWm2Z
16piv2
1
- 0 - + − cW (8c
4
W−4c2W+1)m3Z
6
√
2pi
√
sv2
2
- 0 0 0 − cW (2c
2
W+1)m
3
Z
8
√
3pi
√
sv2
2
- 0 0 + − cW (16c
4
W−5c2W+1)m4Z
16pisv2
1
- 0 + + c
3
W (8c
2
W−3)m5Z
4
√
3pis3/2v2
2
- + - - − c
2
W (4c
2
W+1)m
4
Z
4
√
6pisv2
2
- + - 0 − c
2
W (4c
2
W+1)m
3
Z
6
√
2pi
√
sv2
2
- + - + − c4Wm2Z
6piv2
2
- + 0 0 c
2
Wm
2
Z
8
√
6piv2
2
0 0 - - −m
2
Z(m
2
h+2(−4c4W+c2W−1)m2Z)
8pisv2
0
0 0 - 0 −(4c
4
W−2c2W+1)m3Z
8
√
3pi
√
sv2
2
0 0 - + (1−2c
2
W )
2m2Z
8
√
6piv2
2
0 0 0 0 −m2h+2c2Wm2Z
16piv2
0
Table A.11: The leading terms in the asymptotic limit s → ∞ of the tree-level partial wave amplitudes
(column 2.) for W+W− → ZZ process
117
λ1λ2λ
′
1λ
′
2 T (j=jmin)λ′1λ′2;λ1λ2 jmin =
- - - - 0 0
- - - 0 − c
2
W (c
2
W−1)m3Z
4
√
3pi
√
sv2
2
- - - + c
2
W (c
4
W+2c
2
W−1)m4Z
4
√
6pisv2
2
- - 0 - − cW (2c
4
W−3c2W+1)m3Z
4
√
3pi
√
sv2
2
- - 0 0 cWm
2
Z(m
2
h+(c
4
W−5c2W+3)m2Z)
8pisv2
0
- - 0 + cWm
3
Z(m
2
h+c
2
W (−4c4W−2c2W+1)m2Z)
8
√
3pis3/2v2
2
- - + - c
2
W (c
4
W+2c
2
W−1)m4Z
4
√
6pisv2
2
- - + 0 − c
2
Wm
3
Z(m
2
h+c
2
W (1−6c2W )m2Z)
8
√
3pis3/2v2
2
- - + + − c
2
Wm
4
Z(m
2
h−(3c6W+4c4W−4c2W+2)m2Z)
4pis2v2
0
- 0 - 0 − c2Wm2Z
16piv2
1
- 0 - + c
2
W (3c
2
W−2)m3Z
12
√
2pi
√
sv2
2
- 0 0 - cW (2c
2
W−1)m2Z
16piv2
1
- 0 0 0 − cWmZ(m
2
h+(3−4c2W )m2Z)
16
√
3pi
√
sv2
2
- 0 0 + − cWm
2
Z(m
2
h+(−4c4W+4c2W+1)m2Z)
16pisv2
1
- 0 + - c
2
W (9c
2
W−2)m3Z
12
√
2pi
√
sv2
2
- 0 + 0 − c
2
Wm
2
Z(m
2
h+(2−13c2W )m2Z)
16pisv2
1
- + - + − c4Wm2Z
8piv2
2
- + 0 - − cW (6c
4
W+3c
2
W−2)m3Z
12
√
2pi
√
sv2
2
- + 0 0 − cW (c
2
W−1)m2Z
8
√
6piv2
2
- + 0 + cW (2c
4
W+c
2
W−2)m3Z
12
√
2pi
√
sv2
2
- + + - 7c
4
Wm
2
Z
24piv2
2
0 - 0 - −(1−2c
2
W )
2m2Z
16piv2
1
0 - 0 0 mZ(m
2
h+(1−2c2W )m2Z)
16
√
3pi
√
sv2
2
0 - 0 + −m
2
Z(m
2
h− 13 c2W (28c4W+4c2W+1)m2Z)
16pisv2
1
0 0 0 0 c
2
Wm
2
Z−m2h
16piv2
0
Table A.12: The leading terms in the asymptotic limit s → ∞ of the tree-level partial wave amplitudes
(column 2.) for W+Z →W+Z process
Appendix B
On-shell WW scattering in the SMEFT: full
results
In Sec. 7.1.4 certain aspects of the on-shell W+W+ scattering were presented for the SMEFT Lagrangian,
based on OS0 and OT1 operators as examples. Here we present the results for all the EFT ”models”. See
that Section for explicit reference to these results.
B.1 Unitarity limits: the numerical results
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - x x x x x x x x
- - - 0 x x x x x x x x
- - - + x x x x x x x x
- - 0 0 620. 200. 62. 20. 620. 200. 62. 20.
- - 0 + x x x x x x x x
- - + + x x x x x x x x
- 0 - 0 x x x x x x x x
- 0 - + x x x x x x x x
- 0 0 0 x x x x x x x x
- 0 0 + x x x x x x x x
- + - + x x x x x x x x
- + 0 0 x x x x x x x x
0 0 0 0 8.6 4.9 2.7 1.5 8.2 4.6 2.6 1.5
diag. 8.6 4.9 2.7 1.5 8.2 4.6 2.6 1.5
Table B.1: Values of
√
sU (in TeV) from the tree-level partial wave unitarity bounds for all elastic on-shell
W+W+ helicity amplitudes for a chosen set of fS0 values (first row, in TeV4 ); λi (λ′i) denote ingoing (outgo-
ing) W’s helicities; ”x” denotes no unitarity violation; ”diag.” denotes unitarity bounds from diagonalization
in the helicity space.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - x x x x x x x x
- - - 0 4.2× 107 4.2× 106 4.2× 105 4.2× 104 4.2× 107 4.2× 106 4.2× 105 4.2× 104
- - - + x x x x x x x x
- - 0 0 1.1× 103 340. 110. 34. 1.1× 103 340. 110. 34.
- - 0 + 4.2× 107 4.2× 106 4.2× 105 4.2× 104 4.2× 107 4.2× 106 4.2× 105 4.2× 104
- - + + x x x x x x x x
- 0 - 0 1.6× 103 510. 160. 51. 1.4× 103 450. 140. 45.
- 0 - + 1.7× 107 1.7× 106 1.7× 105 1.7× 104 1.7× 107 1.7× 106 1.7× 105 1.7× 104
- 0 0 - 1.5× 103 480. 150. 48. 1.5× 103 480. 150. 48.
- 0 0 0 82. 38. 18. 8.2 82. 38. 18. 8.2
- 0 0 + 880. 280. 88. 28. 880. 280. 88. 28.
- 0 + - 1.7× 107 1.7× 106 1.7× 105 1.7× 104 1.7× 107 1.7× 106 1.7× 105 1.7× 104
- 0 + 0 1.5× 103 480. 150. 48. 1.5× 103 480. 150. 48.
- + - + x x x x x x x x
- + 0 0 1.5× 103 490. 150. 49. 1.5× 103 490. 150. 49.
- + + - x x x x x x x x
0 0 0 0 9.1 5.1 2.9 1.6 9.5 5.3 3.0 1.7
diag. 9.1 5.1 2.9 1.6 9.5 5.3 3.0 1.7
Table B.2: See description of Tab. B.1; reaction W+W− →W+W−.
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λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - x x x x x x x x
- - - 0 5.9× 107 5.9× 106 5.9× 105 5.9× 104 5.9× 107 5.9× 106 5.9× 105 5.9× 104
- - - + x x x x x x x x
- - 0 0 1.5× 103 480. 150. 48. 1.5× 103 480. 150. 48.
- - 0 + 5.9× 107 5.9× 106 5.9× 105 5.9× 104 5.9× 107 5.9× 106 5.9× 105 5.9× 104
- - + + x x x x x x x x
- 0 - 0 1.4× 103 450. 140. 45. 1.6× 103 520. 160. 52.
- 0 - + 1.7× 107 1.7× 106 1.7× 105 1.7× 104 1.7× 107 1.7× 106 1.7× 105 1.7× 104
- 0 0 0 91. 42. 20. 9.1 91. 42. 20. 9.1
- 0 0 + 1.5× 103 480. 150. 48. 1.5× 103 480. 150. 48.
- + - + x x x x x x x x
- + 0 0 1.8× 103 580. 180. 58. 1.8× 103 580. 180. 58.
0 0 0 0 11. 6.4 3.6 2.0 11. 6.1 3.4 1.9
diag. 11. 6.4 3.6 2.0 11. 6.1 3.4 1.9
Table B.3: Values of
√
sU (in TeV) from the tree-level partial wave unitarity bounds for all elastic on-shell
W+W+ helicity amplitudes for a chosen set of fS1 values (first row, in TeV4 ); λi (λ′i) denote ingoing (outgo-
ing) W’s helicities; ”x” denotes no unitarity violation; ”diag.” denotes unitarity bounds from diagonalization
in the helicity space.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - x x x x x x x x
- - - 0 8.4× 107 8.4× 106 8.4× 105 8.4× 104 8.4× 107 8.4× 106 8.4× 105 8.4× 104
- - - + x x x x x x x x
- - 0 0 580. 180. 58. 18. 580. 180. 58. 18.
- - 0 + 8.4× 107 8.4× 106 8.4× 105 8.4× 104 8.4× 107 8.4× 106 8.4× 105 8.4× 104
- - + + x x x x x x x x
- 0 - 0 2.3× 103 730. 230. 73. 2.0× 103 640. 200. 64.
- 0 - + 3.4× 107 3.4× 106 3.4× 105 3.4× 104 3.4× 107 3.4× 106 3.4× 105 3.4× 104
- 0 0 - 2.2× 103 680. 220. 68. 2.2× 103 680. 220. 68.
- 0 0 0 100. 48. 22. 10. 100. 48. 22. 10.
- 0 0 + 2.2× 103 680. 220. 68. 2.2× 103 680. 220. 68.
- 0 + - 3.4× 107 3.4× 106 3.4× 105 3.4× 104 3.4× 107 3.4× 106 3.4× 105 3.4× 104
- 0 + 0 1.2× 103 390. 120. 39. 1.2× 103 390. 120. 39.
- + - + x x x x x x x x
- + 0 0 2.2× 103 690. 220. 69. 2.2× 103 690. 220. 69.
- + + - x x x x x x x x
0 0 0 0 7.7 4.3 2.4 1.4 8.0 4.5 2.5 1.4
diag. 7.7 4.3 2.4 1.4 8.0 4.5 2.5 1.4
Table B.4: See description of Tab. B.3; reaction W+W− →W+W−.
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λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - x x x x x x x x
- - - 0 1.5× 107 1.5× 106 1.5× 105 1.5× 104 1.5× 107 1.5× 106 1.5× 105 1.5× 104
- - - + 910. 290. 91. 29. 910. 290. 91. 29.
- - 0 0 760. 240. 76. 24. 760. 240. 76. 24.
- - 0 + 57. 27. 12. 5.7 57. 27. 12. 5.7
- - + + 7.8 4.4 2.5 1.4 7.8 4.4 2.5 1.4
- 0 - 0 990. 310. 99. 31. 1.1× 103 360. 110. 36.
- 0 - + 48. 22. 10. 4.8 48. 22. 10. 4.8
- 0 0 0 7.3× 106 7.3× 105 7.3× 104 7.3× 103 7.3× 106 7.3× 105 7.3× 104 7.3× 103
- 0 0 + 1.1× 103 340. 110. 34. 1.1× 103 340. 110. 34.
- + - + 9.4 5.2 2.9 1.6 8.3 4.7 2.7 1.5
- + 0 0 910. 290. 91. 29. 910. 290. 91. 29.
0 0 0 0 x x x x x x x x
diag. 7.2 4.1 2.3 1.3 7.2 4.1 2.3 1.3
Table B.5: Values of
√
sU (in TeV) from the tree-level partial wave unitarity bounds for all elastic on-shell
W+W+ helicity amplitudes for a chosen set of fT0 values (first row, in TeV4 ); λi (λ′i) denote ingoing (outgo-
ing) W’s helicities; ”x” denotes no unitarity violation; ”diag.” denotes unitarity bounds from diagonalization
in the helicity space.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 5.5 3.1 1.8 1.0 6.3 3.5 2.0 1.1
- - - 0 2.1× 107 2.1× 106 2.1× 105 2.1× 104 2.1× 107 2.1× 106 2.1× 105 2.1× 104
- - - + 1.1× 103 340. 110. 34. 1.1× 103 340. 110. 34.
- - 0 0 290. 91. 29. 9.1 290. 91. 29. 9.1
- - 0 + 64. 30. 14. 6.4 64. 30. 14. 6.4
- - + + 5.5 3.1 1.8 0.99 5.5 3.1 1.8 0.99
- 0 - 0 x x x x x x x x
- 0 - + 8.4× 106 8.4× 105 8.4× 104 8.4× 103 8.4× 106 8.4× 105 8.4× 104 8.4× 103
- 0 0 - 1.1× 103 340. 110. 34. 1.1× 103 340. 110. 34.
- 0 0 0 1.0× 107 1.0× 106 1.0× 105 1.0× 104 1.0× 107 1.0× 106 1.0× 105 1.0× 104
- 0 0 + 1.1× 103 340. 110. 34. 1.1× 103 340. 110. 34.
- 0 + - 48. 22. 10. 4.8 48. 22. 10. 4.8
- 0 + 0 760. 240. 76. 24. 760. 240. 76. 24.
- + - + x x x x x x x x
- + 0 0 1.1× 103 340. 110. 34. 1.1× 103 340. 110. 34.
- + + - 8.9 5.0 2.8 1.6 8.9 5.0 2.8 1.6
0 0 0 0 x x x x x x x x
diag. 4.4 2.5 1.4 0.82 5.1 2.9 1.6 0.90
Table B.6: See description of Tab. B.5; reaction W+W− →W+W−.
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λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 7.5 4.2 2.4 1.3 6.5 3.7 2.1 1.2
- - - 0 2.9× 107 2.9× 106 2.9× 105 2.9× 104 2.9× 107 2.9× 106 2.9× 105 2.9× 104
- - - + 1.3× 103 410. 130. 41. 1.3× 103 410. 130. 41.
- - 0 0 410. 130. 41. 13. 410. 130. 41. 13.
- - 0 + 72. 34. 16. 7.2 72. 34. 16. 7.2
- - + + 6.6 3.7 2.1 1.2 6.6 3.7 2.1 1.2
- 0 - 0 1.4× 103 440. 140. 44. 1.6× 103 510. 160. 51.
- 0 - + 60. 28. 13. 6.0 60. 28. 13. 6.0
- 0 0 0 1.5× 107 1.5× 106 1.5× 105 1.5× 104 1.5× 107 1.5× 106 1.5× 105 1.5× 104
- 0 0 + 1.5× 103 480. 150. 48. 1.5× 103 480. 150. 48.
- + - + 11. 6.2 3.5 2.0 9.9 5.6 3.2 1.8
- + 0 0 1.3× 103 410. 130. 41. 1.3× 103 410. 130. 41.
0 0 0 0 x x x x x x x x
diag. 6.1 3.4 1.9 1.1 5.3 3.0 1.7 0.97
Table B.7: Values of
√
sU (in TeV) from the tree-level partial wave unitarity bounds for all elastic on-shell
W+W+ helicity amplitudes for a chosen set of fT1 values (first row, in TeV4 ); λi (λ′i) denote ingoing (outgo-
ing) W’s helicities; ”x” denotes no unitarity violation; ”diag.” denotes unitarity bounds from diagonalization
in the helicity space.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 6.5 3.7 2.1 1.2 7.5 4.2 2.4 1.3
- - - 0 1.4× 107 1.4× 106 1.4× 105 1.4× 104 1.4× 107 1.4× 106 1.4× 105 1.4× 104
- - - + 890. 280. 89. 28. 890. 280. 89. 28.
- - 0 0 360. 110. 36. 11. 360. 110. 36. 11.
- - 0 + 56. 26. 12. 5.6 56. 26. 12. 5.6
- - + + 5.9 3.3 1.9 1.1 5.9 3.3 1.9 1.1
- 0 - 0 1.1× 103 360. 110. 36. 1000. 320. 100. 32.
- 0 - + 48. 22. 10. 4.8 48. 22. 10. 4.8
- 0 0 - 1.5× 103 480. 150. 48. 1.5× 103 480. 150. 48.
- 0 0 0 6.9× 106 6.9× 105 6.9× 104 6.9× 103 6.9× 106 6.9× 105 6.9× 104 6.9× 103
- 0 0 + 880. 280. 88. 28. 880. 280. 88. 28.
- 0 + - 60. 28. 13. 6.0 60. 28. 13. 6.0
- 0 + 0 x x x x x x x x
- + - + 8.3 4.7 2.7 1.5 9.3 5.2 2.9 1.6
- + 0 0 880. 280. 88. 28. 890. 280. 89. 28.
- + + - 11. 5.9 3.3 1.9 11. 5.9 3.3 1.9
0 0 0 0 x x x x x x x x
diag. 4.9 2.8 1.6 0.91 5.7 3.2 1.8 1.0
Table B.8: See description of Tab. B.7; reaction W+W− →W+W−.
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λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 9.0 5.0 2.8 1.6 7.7 4.4 2.5 1.4
- - - 0 3.9× 107 3.9× 106 3.9× 105 3.9× 104 3.9× 107 3.9× 106 3.9× 105 3.9× 104
- - - + 1.5× 103 470. 150. 47. 1.5× 103 470. 150. 47.
- - 0 0 760. 240. 76. 24. 760. 240. 76. 24.
- - 0 + 91. 42. 20. 9.1 91. 42. 20. 9.1
- - + + 11. 6.2 3.5 2.0 11. 6.2 3.5 2.0
- 0 - 0 1.4× 103 440. 140. 44. 1.6× 103 510. 160. 51.
- 0 - + 60. 28. 13. 6.0 60. 28. 13. 6.0
- 0 0 0 2.0× 107 2.0× 106 2.0× 105 2.0× 104 2.0× 107 2.0× 106 2.0× 105 2.0× 104
- 0 0 + 1.5× 103 480. 150. 48. 1.5× 103 480. 150. 48.
- + - + 11. 6.2 3.5 2.0 9.9 5.6 3.2 1.8
- + 0 0 1.3× 103 410. 130. 41. 1.3× 103 410. 130. 41.
0 0 0 0 x x x x x x x x
diag. 8.3 4.7 2.6 1.5 7.2 4.1 2.3 1.3
Table B.9: Values of
√
sU (in TeV) from the tree-level partial wave unitarity bounds for all elastic on-shell
W+W+ helicity amplitudes for a chosen set of fT2 values (first row, in TeV4 ); λi (λ′i) denote ingoing (outgo-
ing) W’s helicities; ”x” denotes no unitarity violation; ”diag.” denotes unitarity bounds from diagonalization
in the helicity space.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 6.5 3.7 2.1 1.2 7.5 4.2 2.4 1.3
- - - 0 3.3× 107 3.3× 106 3.3× 105 3.3× 104 3.3× 107 3.3× 106 3.3× 105 3.3× 104
- - - + 1.4× 103 430. 140. 43. 1.4× 103 430. 140. 43.
- - 0 0 480. 150. 48. 15. 480. 150. 48. 15.
- - 0 + 100. 47. 22. 10. 100. 47. 22. 10.
- - + + 7.8 4.4 2.5 1.4 7.8 4.4 2.5 1.4
- 0 - 0 1.6× 103 510. 160. 51. 1.4× 103 450. 140. 45.
- 0 - + 60. 28. 13. 6.0 60. 28. 13. 6.0
- 0 0 - 1.5× 103 480. 150. 48. 1.5× 103 480. 150. 48.
- 0 0 0 1.7× 107 1.7× 106 1.7× 105 1.7× 104 1.7× 107 1.7× 106 1.7× 105 1.7× 104
- 0 0 + 2.1× 103 680. 210. 68. 2.1× 103 680. 210. 68.
- 0 + - 60. 28. 13. 6.0 60. 28. 13. 6.0
- 0 + 0 1.2× 103 390. 120. 39. 1.2× 103 390. 120. 39.
- + - + 9.9 5.6 3.2 1.8 11. 6.2 3.5 2.0
- + 0 0 1.1× 103 340. 110. 34. 1.1× 103 340. 110. 34.
- + + - 11. 5.9 3.3 1.9 11. 5.9 3.3 1.9
0 0 0 0 x x x x x x x x
diag. 5.7 3.2 1.8 1.1 6.6 3.7 2.1 1.2
Table B.10: See description of Tab. B.9; reaction W+W− →W+W−.
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λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - x x x x x x x x
- - - 0 2.9× 107 2.9× 106 2.9× 105 2.9× 104 2.9× 107 2.9× 106 2.9× 105 2.9× 104
- - - + 1.8× 103 580. 180. 58. 1.8× 103 580. 180. 58.
- - 0 0 1.1× 103 340. 110. 34. 1.1× 103 340. 110. 34.
- - 0 + 91. 42. 20. 9.1 91. 42. 20. 9.1
- - + + 760. 240. 76. 24. 760. 240. 76. 24.
- 0 - 0 1.2× 103 360. 120. 36. 1.3× 103 420. 130. 42.
- 0 - + 76. 35. 16. 7.6 76. 35. 16. 7.6
- 0 0 0 91. 42. 20. 9.1 91. 42. 20. 9.1
- 0 0 + 12. 6.7 3.8 2.1 12. 6.7 3.8 2.1
- + - + 1.1× 103 350. 110. 35. 850. 270. 85. 27.
- + 0 0 1.3× 103 410. 130. 41. 1.3× 103 410. 130. 41.
0 0 0 0 1.1× 103 360. 110. 36. 1.0× 103 320. 100. 32.
diag. 630. 200. 63. 20. 530. 170. 53. 17.
Table B.11: Values of
√
sU (in TeV) from the tree-level partial wave unitarity bounds for all elastic on-shell
W+W+ helicity amplitudes for a chosen set of fM0 values (first row, in TeV4 ); λi (λ′i) denote ingoing (outgo-
ing) W’s helicities; ”x” denotes no unitarity violation; ”diag.” denotes unitarity bounds from diagonalization
in the helicity space.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 510. 160. 51. 16. 360. 110. 36. 12.
- - - 0 4.2× 107 4.2× 106 4.2× 105 4.2× 104 4.2× 107 4.2× 106 4.2× 105 4.2× 104
- - - + 2.2× 103 690. 220. 69. 2.2× 103 690. 220. 69.
- - 0 0 8.4 4.7 2.7 1.5 8.4 4.7 2.7 1.5
- - 0 + 100. 48. 22. 10. 100. 48. 22. 10.
- - + + 540. 170. 54. 17. 540. 170. 54. 17.
- 0 - 0 2.3× 103 730. 230. 73. 2.0× 103 630. 200. 63.
- 0 - + 1.7× 107 1.7× 106 1.7× 105 1.7× 104 1.7× 107 1.7× 106 1.7× 105 1.7× 104
- 0 0 - 1.5× 103 480. 150. 48. 1.5× 103 480. 150. 48.
- 0 0 0 100. 48. 22. 10. 100. 48. 22. 10.
- 0 0 + 1.5× 103 480. 150. 48. 1.5× 103 480. 150. 48.
- 0 + - 76. 35. 16. 7.6 76. 35. 16. 7.6
- 0 + 0 12. 6.7 3.8 2.1 12. 6.7 3.8 2.1
- + - + x x x x x x x x
- + 0 0 1.5× 103 490. 150. 49. 1.5× 103 490. 150. 49.
- + + - 980. 310. 98. 31. 990. 310. 99. 31.
0 0 0 0 500. 160. 50. 16. 460. 150. 46. 15.
diag. 7.3 4.1 2.3 1.3 7.3 4.1 2.3 1.3
Table B.12: See description of Tab. B.11; reaction W+W− →W+W−.
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λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 720. 230. 72. 23. 1.0× 103 320. 100. 32.
- - - 0 1.2× 108 1.2× 107 1.2× 106 1.2× 105 1.2× 108 1.2× 107 1.2× 106 1.2× 105
- - - + 3.7× 103 1.2× 103 370. 120. 3.7× 103 1.2× 103 370. 120.
- - 0 0 1.1× 103 340. 110. 34. 1.1× 103 340. 110. 34.
- - 0 + 140. 67. 31. 14. 140. 67. 31. 14.
- - + + 1.5× 103 480. 150. 48. 1.5× 103 480. 150. 48.
- 0 - 0 14. 7.6 4.3 2.4 13. 7.1 4.0 2.3
- 0 - + 120. 56. 26. 12. 120. 56. 26. 12.
- 0 0 0 140. 67. 31. 14. 140. 67. 31. 14.
- 0 0 + 17. 9.5 5.3 3.0 17. 9.5 5.3 3.0
- + - + 1.7× 103 530. 170. 54. 2.2× 103 700. 220. 70.
- + 0 0 2.6× 103 820. 260. 82. 2.6× 103 820. 260. 82.
0 0 0 0 1.0× 103 320. 100. 32. 1.1× 103 360. 110. 36.
diag. 530. 170. 53. 17. 690. 220. 69. 22.
Table B.13: Values of
√
sU (in TeV) from the tree-level partial wave unitarity bounds for all elastic on-shell
W+W+ helicity amplitudes for a chosen set of fM1 values (first row, in TeV4 ); λi (λ′i) denote ingoing (outgo-
ing) W’s helicities; ”x” denotes no unitarity violation; ”diag.” denotes unitarity bounds from diagonalization
in the helicity space.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - x x x x x x x x
- - - 0 3.2× 105 1.9× 105 8.3× 104 3.6× 104 3.2× 105 1.9× 105 8.3× 104 3.6× 104
- - - + 4.4× 103 1.4× 103 440. 140. 4.4× 103 1.4× 103 440. 140.
- - 0 0 12. 6.7 3.8 2.1 12. 6.7 3.8 2.1
- - 0 + 160. 76. 35. 16. 160. 76. 35. 16.
- - + + 1.1× 103 340. 110. 34. 1.1× 103 340. 110. 34.
- 0 - 0 13. 7.2 4.0 2.3 14. 7.6 4.3 2.4
- 0 - + 96. 44. 21. 9.6 96. 44. 21. 9.6
- 0 0 - 3.0× 103 960. 300. 96. 3.0× 103 960. 300. 96.
- 0 0 0 160. 76. 35. 16. 160. 76. 35. 16.
- 0 0 + 1.4× 103 430. 140. 43. 1.4× 103 430. 140. 43.
- 0 + - 120. 56. 26. 12. 120. 56. 26. 12.
- 0 + 0 17. 9.5 5.3 3.0 17. 9.5 5.3 3.0
- + - + 1.2× 103 380. 120. 38. 1.6× 103 490. 160. 49.
- + 0 0 19. 11. 5.9 3.3 19. 11. 5.9 3.3
- + + - 2.0× 103 620. 200. 62. 2.0× 103 620. 200. 62.
0 0 0 0 1.0× 103 330. 100. 33. 1.1× 103 350. 110. 35.
diag. 10. 5.8 3.3 1.9 10. 5.8 3.3 1.9
Table B.14: See description of Tab. B.13; reaction W+W− →W+W−.
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λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 1.4× 103 450. 140. 45. 1.0× 103 320. 100. 32.
- - - 0 x x x x x x x x
- - - + x x x x x x x x
- - 0 0 1.2× 103 390. 120. 39. 1.2× 103 390. 120. 39.
- - 0 + x x x x x x x x
- - + + 1.2× 103 390. 120. 39. 1.2× 103 390. 120. 39.
- 0 - 0 15. 8.5 4.8 2.7 16. 9.1 5.1 2.9
- 0 - + x x x x x x x x
- 0 0 0 x x x x x x x x
- 0 0 + 16. 8.8 4.9 2.8 16. 8.8 4.9 2.8
- + - + x x x x x x x x
- + 0 0 x x x x x x x x
0 0 0 0 1.3× 103 410. 130. 41. 1.2× 103 370. 120. 37.
diag. 800. 250. 80. 25. 620. 190. 62. 20.
Table B.15: Values of
√
sU (in TeV) from the tree-level partial wave unitarity bounds for all elastic on-shell
W+W+ helicity amplitudes for a chosen set of fM7 values (first row, in TeV4 ); λi (λ′i) denote ingoing (outgo-
ing) W’s helicities; ”x” denotes no unitarity violation; ”diag.” denotes unitarity bounds from diagonalization
in the helicity space.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - x x x x x x x x
- - - 0 x x x x x x x x
- - - + x x x x x x x x
- - 0 0 14. 8.0 4.5 2.5 14. 8.0 4.5 2.5
- - 0 + 160. 76. 35. 16. 160. 76. 35. 16.
- - + + 1.1× 103 340. 110. 34. 1.1× 103 340. 110. 34.
- 0 - 0 16. 9.1 5.1 2.9 15. 8.5 4.8 2.7
- 0 - + 120. 56. 26. 12. 120. 56. 26. 12.
- 0 0 - x x x x x x x x
- 0 0 0 x x x x x x x x
- 0 0 + 1.5× 103 480. 150. 48. 1.5× 103 480. 150. 48.
- 0 + - x x x x x x x x
- 0 + 0 22. 12. 7.0 3.9 22. 12. 7.0 3.9
- + - + 2.2× 103 700. 220. 70. 1.7× 103 540. 170. 54.
- + 0 0 22. 13. 7.0 4.0 22. 12. 7.0 4.0
- + + - x x x x x x x x
0 0 0 0 1.3× 103 410. 130. 41. 1.2× 103 380. 120. 38.
diag. 12. 6.9 3.9 2.2 12. 6.9 3.9 2.2
Table B.16: See description of Tab. B.15; reaction W+W− →W+W−.
B.2 Analytic formulae for both iM and T (j=jmin) and contributions of σpol
to σtotunpol at
√
sU (numerical result)
λ1λ2λ
′
1λ
′
2 iMλ′1λ′2;λ1λ2(
√
s, θ, fS0) T (j=jmin)λ′1λ′2;λ1λ2
- - - - 4ic4W fS0m
4
Z − 32i csc
2(θ)c2Wm
2
Z
v2
c4W fS0m
4
Z
4pi
- - - 0 −2i
√
2 cot(θ) csc2(θ)c3Wm
3
Z(−7m2h+(28c2W−25)m2Z+cos(2θ)((4c2W+1)m2Z−m2h))
s3/2v2
0
- - - + 16ic
4
Wm
4
Z
sv2
c4Wm
4
Z√
6pisv2
- - 0 0 2isc2W fS0m
2
Z
sc2W fS0m
2
Z
8pi
- - 0 + 4i
√
2 cot(θ)c3Wm
3
Z((4c
2
W+1)m
2
Z−m2h)
s3/2v2
− c
3
Wm
3
Z((4c
2
W+1)m
2
Z−m2h)
4
√
3pis3/2v2
- - + + 4ic4W fS0m
4
Z
c4W fS0m
4
Z
4pi
- 0 - 0 8ic
2
Wm
2
Z
v2(cos(θ)−1) 0
- 0 - + −8i
√
2 cot( θ2)c
3
Wm
3
Z√
sv2
√
2c3Wm
3
Z
3pi
√
sv2
−000 2i
√
2 cot(θ)cWmZ(mZ−mh)(mh+mZ)√
sv2
cWmZ(m2Z−m2h)
8
√
3pi
√
sv2
- 0 0 + 4ic
2
Wm
2
Z(cos(θ)((4c
2
W+1)m
2
Z−m2h)−4c2Wm2Z)
sv2(cos(θ)−1)
c2Wm
2
Z((4c
2
W+1)m
2
Z−m2h)
8pisv2
- + - + −8i cot
2( θ2)c
2
Wm
2
Z
v2
c2Wm
2
Z
6piv2
- + 0 0 −4ic
2
Wm
2
Z(2(m
2
h−m2Z) csc2(θ)−m2h+(8c2W+1)m2Z)
sv2
− c
2
Wm
2
Z(m
2
h+(4c
2
W−1)m2Z)
2
√
6pisv2
0 0 0 0 is2fS0 s
2fS0
16pi
Table B.17: Analytic formulas for on-shellW+W+ elastic scattering helicity amplitudes iM and the minimal
j partial waves T (j=jmin); λi (λ′i) denote ingoing (outgoing) W’s helicities; cW ≡ cos θW ; θ is the scattering
angle; the OS0 operator case; only leading terms in the
√
s expansion in the limit s→∞ are shown.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 2.3 7.2 21. 57. 2.6 8.0 23. 61.
- - - 0 3.7× 10−10 3.4× 10−8 2.8× 10−6 1.6× 10−4 5.6× 10−10 5.1× 10−8 4.0× 10−6 2.3× 10−4
- - - + 1.5× 10−9 4.7× 10−8 1.5× 10−6 4.7× 10−5 2.1× 10−9 6.4× 10−8 2.0× 10−6 6.2× 10−5
- - 0 0 1.9× 10−6 5.9× 10−5 1.9× 10−3 0.059 2.2× 10−6 7.1× 10−5 2.2× 10−3 0.069
- - 0 + 2.0× 10−13 2.0× 10−11 1.9× 10−9 1.8× 10−7 3.0× 10−13 3.0× 10−11 2.9× 10−9 2.6× 10−7
- - + + 3.0× 10−14 9.3× 10−12 3.0× 10−9 9.4× 10−7 3.9× 10−14 1.2× 10−11 3.8× 10−9 1.2× 10−6
- 0 - 0 2.2 6.8 20. 57. 2.4 7.5 22. 61.
- 0 - + 9.1× 10−5 9.0× 10−4 8.8× 10−3 0.083 1.1× 10−4 1.1× 10−3 0.011 0.099
- 0 0 0 9.7× 10−7 8.6× 10−6 6.1× 10−5 3.0× 10−4 1.2× 10−6 1.0× 10−5 7.1× 10−5 3.4× 10−4
- 0 0 + 8.1× 10−9 2.4× 10−7 6.6× 10−6 1.5× 10−4 1.1× 10−8 3.3× 10−7 8.6× 10−6 1.9× 10−4
- + - + 4.1 13. 37. 97. 4.5 14. 40. 100.
- + 0 0 9.9× 10−9 3.0× 10−7 8.6× 10−6 2.2× 10−4 1.4× 10−8 4.1× 10−7 1.1× 10−5 2.8× 10−4
0 0 0 0 16. 50. 160. 490. 15. 46. 150. 460.
Table B.18: Contribution of polarized elastic on-shell W+W+ scattering cross sections (in pb) to the total
unpolarized cross sections at
√
sU for a chosen set of fS0 values (first row, in TeV4).
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λ1λ2λ
′
1λ
′
2 iMλ′1λ′2;λ1λ2(
√
s, θ, fS1) T (j=jmin)λ′1λ′2;λ1λ2
- - - - 12 ic
2
Wm
2
Z
(
c2W fS1 cos(2θ)m
2
Z + 3c
2
W fS1m
2
Z − 64 csc
2(θ)
v2
)
c4W fS1m
4
Z
12pi
- - - 0 − i
√
sc3W fS1 sin(θ) cos(θ)m
3
Z√
2
√
sc3W fS1m
3
Z
80
√
3pi
- - - + −ic4W fS1 sin2(θ)m4Z − c
4
W fS1m
4
Z
20
√
6pi
- - 0 0 12 isc
2
W fS1 sin
2(θ)m2Z
sc2W fS1m
2
Z
48pi
- - 0 + − i
√
sc3W fS1 sin(θ) cos(θ)m
3
Z√
2
√
sc3W fS1m
3
Z
80
√
3pi
- - + + 12 ic
4
W fS1(cos(2θ) + 3)m
4
Z
c4W fS1m
4
Z
12pi
- 0 - 0 −12 isc2W fS1 sin2(θ)m2Z −
sc2W fS1m
2
Z
96pi
- 0 - + i
√
sc3W fS1 sin(θ)(cos(θ)+1)m
3
Z√
2
−
√
sc3W fS1m
3
Z
40
√
2pi
- 0 0 0 − is3/2cW fS1 sin(2θ)mZ
4
√
2
− s3/2cW fS1mZ
160
√
3pi
- 0 0 + isc2W fS1 cos
2
(
θ
2
)
cos(θ)m2Z
sc2W fS1m
2
Z
96pi
- + - + − ic
2
W cot
2( θ2)m
2
Z(v
2c2W fS1 cos(2θ)m
2
Z−v2c2W fS1m2Z+16)
2v2
c2Wm
2
Z(3v
2c2W fS1m
2
Z+10)
60piv2
- + 0 0 12 isc
2
W fS1 sin
2(θ)m2Z
sc2W fS1m
2
Z
40
√
6pi
0 0 0 0 18 is
2fS1(cos(2θ) + 3)
s2fS1
48pi
Table B.19: Analytic formulas for on-shellW+W+ elastic scattering helicity amplitudes iM and the minimal
j partial waves T (j=jmin); λi (λ′i) denote ingoing (outgoing) W’s helicities; cW ≡ cos θW ; θ is the scattering
angle; the OS1 operator case; only leading terms in the
√
s expansion in the limit s→∞ are shown.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 2.9 9.0 26. 67. 2.7 8.4 25. 64.
- - - 0 8.8× 10−10 7.9× 10−8 6.0× 10−6 3.1× 10−4 7.3× 10−10 6.8× 10−8 5.4× 10−6 3.2× 10−4
- - - + 3.0× 10−9 9.3× 10−8 2.9× 10−6 8.2× 10−5 2.4× 10−9 7.7× 10−8 2.5× 10−6 8.3× 10−5
- - 0 0 8.0× 10−8 2.4× 10−6 6.9× 10−5 1.8× 10−3 1.4× 10−7 4.3× 10−6 1.3× 10−4 3.7× 10−3
- - 0 + 6.7× 10−12 6.7× 10−10 6.7× 10−8 6.7× 10−6 1.2× 10−11 1.2× 10−9 1.2× 10−7 1.2× 10−5
- - + + 3.2× 10−15 1.0× 10−12 3.2× 10−10 1.0× 10−7 6.3× 10−15 2.0× 10−12 6.2× 10−10 1.9× 10−7
- 0 - 0 2.7 8.5 25. 68. 2.6 7.9 24. 64.
- 0 - + 1.4× 10−4 1.4× 10−3 0.014 0.12 1.2× 10−4 1.2× 10−3 0.012 0.12
- 0 0 0 2.2× 10−4 2.2× 10−3 0.022 0.21 2.0× 10−4 2.0× 10−3 0.020 0.21
- 0 0 + 3.2× 10−7 9.9× 10−6 3.0× 10−4 9.0× 10−3 1.6× 10−7 5.2× 10−6 1.7× 10−4 5.5× 10−3
- + - + 5.1 16. 45. 110. 4.7 15. 43. 110.
- + 0 0 5.2× 10−8 1.6× 10−6 4.9× 10−5 1.5× 10−3 1.6× 10−7 4.9× 10−6 1.5× 10−4 4.8× 10−3
0 0 0 0 0.58 1.9 5.9 19. 2.0 6.4 20. 62.
Table B.20: Contribution of polarized elastic on-shell W+W+ scattering cross sections (in pb) to the total
unpolarized cross sections at
√
sU for a chosen set of fS1 values (first row, in TeV4).
B.2 Analytic formulae for both iM and T (j=jmin) and contributions of σpol to σtotunpol
at
√
sU (numerical result) 129
λ1λ2λ
′
1λ
′
2 iMλ′1λ′2;λ1λ2(
√
s, θ, fT0) T (j=jmin)λ′1λ′2;λ1λ2
- - - - 2ic2Wm
2
Z
(
c2W fT0 cos(2θ)m
2
Z + 3c
2
W fT0m
2
Z − 16 csc
2(θ)
v2
)
c4W fT0m
4
Z
3pi
- - - 0 −i√2√sc3W fT0 sin(2θ)m3Z
√
sc3W fT0m
3
Z
20
√
3pi
- - - + −2isc2W fT0 sin2(θ)m2Z − sc
2
W fT0m
2
Z
10
√
6pi
- - 0 0 2isc2W fT0 sin
2(θ)m2Z
sc2W fT0m
2
Z
12pi
- - 0 + −i√2s3/2cW fT0 sin(θ) cos(θ)mZ s
3/2cW fT0mZ
40
√
3pi
- - + + 12 is
2fT0(cos(2θ) + 3)
s2fT0
12pi
- 0 - 0 −isc2W fT0 sin2(θ)m2Z − sc
2
W fT0m
2
Z
48pi
- 0 - + 2i
√
2s3/2cW fT0 sin
(
θ
2
)
cos3
(
θ
2
)
mZ − s3/2cW fT0mZ40√2pi
- 0 0 0 −2i√2√sc3W fT0 sin(2θ)m3Z −
√
sc3W fT0m
3
Z
10
√
3pi
- 0 0 + 12 isc
2
W fT0(4 cos(θ) + 3 cos(2θ) + 1)m
2
Z
sc2W fT0m
2
Z
48pi
- + - + 2is2fT0 cos4
(
θ
2
) s2fT0
40pi
- + 0 0 2isc2W fT0 sin
2(θ)m2Z
sc2W fT0m
2
Z
10
√
6pi
0 0 0 0 2i(4v
2c4W fT0 cos(2θ)m
4
Z+4v
2c4W fT0m
4
Z−m2h−4 csc2(θ)m2Z+m2Z)
v2
8v4c4W fT0m
4
Z+3v
2(m2Z−m2h)
24piv4
Table B.21: Analytic formulas for on-shellW+W+ elastic scattering helicity amplitudes iM and the minimal
j partial waves T (j=jmin); λi (λ′i) denote ingoing (outgoing) W’s helicities; cW ≡ cos θW ; θ is the scattering
angle; the OT0 operator case; only leading terms in the
√
s expansion in the limit s→∞ are shown.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 8.6 25. 63. 130. 6.6 20. 53. 120.
- - - 0 6.7× 10−8 4.8× 10−6 2.5× 10−4 8.0× 10−3 2.4× 10−8 2.1× 10−6 1.3× 10−4 5.9× 10−3
- - - + 5.0× 10−7 1.7× 10−5 5.4× 10−4 0.018 1.6× 10−6 5.2× 10−5 1.6× 10−3 0.050
- - 0 0 1.4× 10−6 3.5× 10−5 7.3× 10−4 0.012 1.4× 10−6 4.1× 10−5 1.2× 10−3 0.030
- - 0 + 3.5× 10−4 3.6× 10−3 0.038 0.39 6.2× 10−4 6.1× 10−3 0.059 0.58
- - + + 1.2 4.0 13. 44. 2.8 8.7 26. 79.
- 0 - 0 8.1 24. 63. 150. 6.1 19. 53. 130.
- 0 - + 7.0× 10−4 6.8× 10−3 0.063 0.56 5.2× 10−3 0.052 0.51 5.0
- 0 0 0 1.2× 10−5 8.2× 10−5 4.6× 10−4 6.8× 10−3 7.0× 10−6 5.0× 10−5 2.0× 10−4 3.0× 10−3
- 0 0 + 2.2× 10−6 6.6× 10−5 1.8× 10−3 0.049 1.2× 10−6 3.9× 10−5 1.3× 10−3 0.043
- + - + 9.9 27. 63. 110. 26. 78. 220. 570.
- + 0 0 3.3× 10−7 8.6× 10−6 2.0× 10−4 4.6× 10−3 1.3× 10−6 4.1× 10−5 1.3× 10−3 0.039
0 0 0 0 0.48 1.5 4.1 11. 0.37 1.1 3.4 9.3
Table B.22: Contribution of polarized elastic on-shell W+W+ scattering cross sections (in pb) to the total
unpolarized cross sections at
√
sU for a chosen set of fT0 values (first row, in TeV4).
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λ1λ2λ
′
1λ
′
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√
s, θ, fT1) T (j=jmin)λ′1λ′2;λ1λ2
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√
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(
θ
2
)
cos3
(
θ
2
)
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√
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3
Z
20
√
3pi
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2
W fT1(4 cos(θ) + 3 cos(2θ) + 1)m
2
Z
sc2W fT1m
2
Z
96pi
- + - + is2fT1 cos4
(
θ
2
) s2fT1
80pi
- + 0 0 isc2W fT1 sin
2(θ)m2Z
sc2W fT1m
2
Z
20
√
6pi
0 0 0 0 2i(2v
2c4W fT1 cos(2θ)m
4
Z+6v
2c4W fT1m
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Z−m2h−4 csc2(θ)m2Z+m2Z)
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Table B.23: Analytic formulas for on-shellW+W+ elastic scattering helicity amplitudes iM and the minimal
j partial waves T (j=jmin); λi (λ′i) denote ingoing (outgoing) W’s helicities; cW ≡ cos θW ; θ is the scattering
angle; the OT1 operator case; only leading terms in the
√
s expansion in the limit s→∞ are shown.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 5.0 15. 41. 100. 22. 68. 210. 610.
- - - 0 2.9× 10−8 2.2× 10−6 1.2× 10−4 4.3× 10−3 1.9× 10−8 1.4× 10−6 8.7× 10−5 3.5× 10−3
- - - + 1.3× 10−7 4.2× 10−6 1.4× 10−4 4.6× 10−3 5.3× 10−7 1.7× 10−5 5.3× 10−4 0.017
- - 0 0 2.8× 10−6 8.9× 10−5 2.8× 10−3 0.092 6.6× 10−6 2.1× 10−4 6.3× 10−3 0.19
- - 0 + 1.4× 10−4 1.4× 10−3 0.015 0.15 1.7× 10−4 1.8× 10−3 0.019 0.20
- - + + 9.0 30. 100. 330. 13. 44. 150. 480.
- 0 - 0 6.5 19. 53. 130. 5.8 17. 48. 120.
- 0 - + 3.8× 10−4 3.5× 10−3 0.031 0.24 2.4× 10−3 0.023 0.23 2.3
- 0 0 0 8.1× 10−6 5.8× 10−5 3.1× 10−4 3.5× 10−3 6.3× 10−6 4.5× 10−5 2.0× 10−4 1.7× 10−3
- 0 0 + 8.4× 10−7 2.5× 10−5 6.7× 10−4 0.017 3.3× 10−7 1.1× 10−5 3.5× 10−4 0.012
- + - + 8.7 24. 60. 110. 17. 52. 150. 370.
- + 0 0 1.5× 10−7 3.9× 10−6 8.1× 10−5 1.4× 10−3 5.8× 10−7 1.7× 10−5 5.1× 10−4 0.015
0 0 0 0 0.39 1.2 3.4 9.1 0.35 1.0 3.0 8.2
Table B.24: Contribution of polarized elastic on-shell W+W+ scattering cross sections (in pb) to the total
unpolarized cross sections at
√
sU for a chosen set of fT1 values (first row, in TeV4).
B.2 Analytic formulae for both iM and T (j=jmin) and contributions of σpol to σtotunpol
at
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λ1λ2λ
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1λ
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√
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√
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√
3
2
sc2W fT2m
2
Z
80pi
- - 0 0 −14 isc2W fT2(cos(2θ)− 5)m2Z
sc2W fT2m
2
Z
12pi
- - 0 + − is3/2cW fT2 sin(2θ)mZ
4
√
2
s3/2cW fT2mZ
160
√
3pi
- - + + 18 is
2fT2(cos(2θ) + 3)
s2fT2
48pi
- 0 - 0 −12 isc2W fT2 sin2(θ)m2Z −
sc2W fT2m
2
Z
96pi
- 0 - + i
√
2s3/2cW fT2 sin
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√
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sc3W fT2m
3
Z
80pi
- 0 0 + 14 isc
2
W fT2(3 cos(θ) + 2 cos(2θ) + 1)m
2
Z
sc2W fT2m
2
Z
96pi
- + - + is2fT2 cos4
(
θ
2
) s2fT2
80pi
- + 0 0 isc2W fT2 sin
2(θ)m2Z
sc2W fT2m
2
Z
20
√
6pi
0 0 0 0 i(3v
2c4W fT2 cos(2θ)m
4
Z+5v
2c4W fT2m
4
Z−2m2h−8 csc2(θ)m2Z+2m2Z)
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2v4c4W fT2m
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2(m2Z−m2h)
8piv4
Table B.25: Analytic formulas for on-shellW+W+ elastic scattering helicity amplitudes iM and the minimal
j partial waves T (j=jmin); λi (λ′i) denote ingoing (outgoing) W’s helicities; cW ≡ cos θW ; θ is the scattering
angle; the OT2 operator case; only leading terms in the
√
s expansion in the limit s→∞ are shown.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 3.6 11. 29. 69. 18. 54. 160. 470.
- - - 0 9.2× 10−9 7.3× 10−7 4.5× 10−5 1.8× 10−3 3.1× 10−9 2.9× 10−7 2.2× 10−5 1.1× 10−3
- - - + 1.2× 10−7 4.0× 10−6 1.3× 10−4 4.2× 10−3 3.8× 10−7 1.2× 10−5 3.8× 10−4 0.012
- - 0 0 3.8× 10−7 1.1× 10−5 3.1× 10−4 8.6× 10−3 1.0× 10−6 3.1× 10−5 9.5× 10−4 0.028
- - 0 + 6.1× 10−5 6.3× 10−4 6.5× 10−3 0.068 1.1× 10−4 1.1× 10−3 0.011 0.10
- - + + 0.35 1.2 3.9 13. 0.84 2.6 7.8 24.
- 0 - 0 4.9 15. 41. 100. 3.7 11. 34. 88.
- 0 - + 4.4× 10−4 4.5× 10−3 0.046 0.47 3.0× 10−3 0.030 0.29 2.9
- 0 0 0 4.7× 10−6 3.6× 10−5 2.1× 10−4 1.7× 10−3 2.7× 10−6 2.2× 10−5 1.2× 10−4 5.1× 10−4
- 0 0 + 5.3× 10−7 1.6× 10−5 4.6× 10−4 0.012 2.5× 10−7 7.9× 10−6 2.5× 10−4 8.5× 10−3
- + - + 5.6 16. 41. 82. 21. 63. 190. 520.
- + 0 0 1.1× 10−7 3.4× 10−6 9.4× 10−5 2.6× 10−3 4.5× 10−7 1.4× 10−5 4.4× 10−4 0.013
0 0 0 0 0.29 0.89 2.6 7.1 0.22 0.69 2.1 6.0
Table B.26: Contribution of polarized elastic on-shell W+W+ scattering cross sections (in pb) to the total
unpolarized cross sections at
√
sU for a chosen set of fT2 values (first row, in TeV4).
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λ1λ2λ
′
1λ
′
2 iMλ′1λ′2;λ1λ2(
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s3/2cW fM0mZ
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2
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sc2W fM0m
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Z
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sc2W fM0m
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√
2
− s3/2cW fM0mZ
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2pi
- 0 0 0 − is3/2cW fM0 sin(θ) cos(θ)mZ
2
√
2
− s3/2cW fM0mZ
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3pi
- 0 0 + 12 is
2fM0 cos
4
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θ
2
) s2fM0
128pi
- + - + 2isc2W fM0 cos
4
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θ
2
)
m2Z
sc2W fM0m
2
Z
40pi
- + 0 0 isc2W fM0 sin
2(θ)m2Z
sc2W fM0m
2
Z
20
√
6pi
0 0 0 0 2isc2W fM0 cos
2(θ)m2Z
sc2W fM0m
2
Z
24pi
Table B.27: Analytic formulas for on-shellW+W+ elastic scattering helicity amplitudes iM and the minimal
j partial waves T (j=jmin); λi (λ′i) denote ingoing (outgoing) W’s helicities; cW ≡ cos θW ; θ is the scattering
angle; the OM0 operator case; only leading terms in the
√
s expansion in the limit s→∞ are shown.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 3.2 9.9 28. 70. 3.2 9.9 28. 71.
- - - 0 1.3× 10−9 1.1× 10−7 7.9× 10−6 3.8× 10−4 1.5× 10−9 1.3× 10−7 1.0× 10−5 5.7× 10−4
- - - + 1.1× 10−7 3.7× 10−6 1.2× 10−4 3.9× 10−3 2.1× 10−7 6.5× 10−6 2.1× 10−4 6.6× 10−3
- - 0 0 2.1× 10−7 6.5× 10−6 2.0× 10−4 5.8× 10−3 3.6× 10−7 1.1× 10−5 3.4× 10−4 0.010
- - 0 + 1.6× 10−4 1.6× 10−3 0.017 0.18 1.6× 10−4 1.6× 10−3 0.017 0.17
- - + + 3.5× 10−7 1.1× 10−5 3.6× 10−4 0.011 3.5× 10−7 1.1× 10−5 3.6× 10−4 0.011
- 0 - 0 3.0 9.3 27. 72. 3.0 9.3 27. 72.
- 0 - + 3.2× 10−4 3.3× 10−3 0.034 0.37 1.3× 10−3 0.013 0.13 1.4
- 0 0 0 1.9× 10−4 1.9× 10−3 0.019 0.20 1.4× 10−4 1.4× 10−3 0.015 0.16
- 0 0 + 5.1 17. 54. 180. 5.1 17. 54. 170.
- + - + 5.6 17. 48. 120. 5.6 17. 49. 120.
- + 0 0 2.2× 10−7 7.0× 10−6 2.2× 10−4 7.3× 10−3 4.6× 10−7 1.4× 10−5 4.5× 10−4 0.014
0 0 0 0 0.18 0.55 1.7 4.6 0.18 0.56 1.7 5.0
Table B.28: Contribution of polarized elastic on-shell W+W+ scattering cross sections (in pb) to the total
unpolarized cross sections at
√
sU for a chosen set of fM0 values (first row, in TeV4).
B.2 Analytic formulae for both iM and T (j=jmin) and contributions of σpol to σtotunpol
at
√
sU (numerical result) 133
λ1λ2λ
′
1λ
′
2 iMλ′1λ′2;λ1λ2(
√
s, θ, fM1) T (j=jmin)λ′1λ′2;λ1λ2
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2
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√
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√
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√
3pi
- - - + 18 isc
2
W fM1 sin
2(θ)m2Z
sc2W fM1m
2
Z
160
√
6pi
- - 0 0 18 isc
2
W fM1(cos(2θ)− 5)m2Z − sc
2
W fM1m
2
Z
24pi
- - 0 + is
3/2cW fM1 sin(θ) cos(θ)mZ
8
√
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s2fM1
192pi
- 0 - + − is3/2cW fM1 sin(θ)(cos(θ)+1)mZ
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3/2cW fM1 sin(θ) cos(θ)mZ
8
√
2
s3/2cW fM1mZ
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√
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- 0 0 + −18 is2fM1 cos4
(
θ
2
) − s2fM1512pi
- + - + −12 isc2W fM1 cos4
(
θ
2
)
m2Z − sc
2
W fM1m
2
Z
160pi
- + 0 0 −14 isc2W fM1 sin2(θ)m2Z −
sc2W fM1m
2
Z
80
√
6pi
0 0 0 0 −14 isc2W fM1(cos(2θ) + 3)m2Z −
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2
Z
24pi
Table B.29: Analytic formulas for on-shellW+W+ elastic scattering helicity amplitudes iM and the minimal
j partial waves T (j=jmin); λi (λ′i) denote ingoing (outgoing) W’s helicities; cW ≡ cos θW ; θ is the scattering
angle; the OM1 operator case; only leading terms in the
√
s expansion in the limit s→∞ are shown.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 1.6 5.1 15. 42. 1.6 5.1 15. 41.
- - - 0 9.8× 10−11 9.1× 10−9 7.7× 10−7 5.2× 10−5 8.4× 10−11 7.7× 10−9 6.3× 10−7 3.9× 10−5
- - - + 2.6× 10−8 8.2× 10−7 2.6× 10−5 8.2× 10−4 1.4× 10−8 4.5× 10−7 1.5× 10−5 4.7× 10−4
- - 0 0 4.1× 10−7 1.3× 10−5 4.2× 10−4 0.013 3.0× 10−7 9.5× 10−6 3.0× 10−4 9.8× 10−3
- - 0 + 4.0× 10−5 4.0× 10−4 4.1× 10−3 0.042 4.0× 10−5 4.0× 10−4 4.1× 10−3 0.043
- - + + 4.4× 10−8 1.4× 10−6 4.5× 10−5 1.4× 10−3 4.4× 10−8 1.4× 10−6 4.5× 10−5 1.5× 10−3
- 0 - 0 13. 41. 130. 430. 25. 80. 260. 820.
- 0 - + 3.3× 10−4 3.3× 10−3 0.033 0.34 7.9× 10−5 8.1× 10−4 8.4× 10−3 0.088
- 0 0 0 3.4× 10−5 3.5× 10−4 3.6× 10−3 0.038 4.7× 10−5 4.7× 10−4 4.8× 10−3 0.048
- 0 0 + 2.5 8.2 27. 88. 2.5 8.2 27. 89.
- + - + 2.9 8.8 26. 72. 2.9 8.8 26. 71.
- + 0 0 5.7× 10−8 1.8× 10−6 5.7× 10−5 1.8× 10−3 2.7× 10−8 8.7× 10−7 2.8× 10−5 8.9× 10−4
0 0 0 0 0.091 0.28 0.88 2.7 0.091 0.28 0.85 2.4
Table B.30: Contribution of polarized elastic on-shell W+W+ scattering cross sections (in pb) to the total
unpolarized cross sections at
√
sU for a chosen set of fM1 values (first row, in TeV4).
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λ1λ2λ
′
1λ
′
2 iMλ′1λ′2;λ1λ2(
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s, θ, fM7) T (j=jmin)λ′1λ′2;λ1λ2
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Table B.31: Analytic formulas for on-shellW+W+ elastic scattering helicity amplitudes iM and the minimal
j partial waves T (j=jmin); λi (λ′i) denote ingoing (outgoing) W’s helicities; cW ≡ cos θW ; θ is the scattering
angle; the OM7 operator case; only leading terms in the
√
s expansion in the limit s→∞ are shown.
λ1λ2λ
′
1λ
′
2 0.01 0.1 1. 10. −0.01 −0.1 −1. −10.
- - - - 1.2 3.6 11. 31. 1.2 3.6 11. 32.
- - - 0 2.2× 10−11 2.1× 10−9 1.8× 10−7 1.3× 10−5 2.2× 10−11 2.1× 10−9 1.8× 10−7 1.3× 10−5
- - - + 1.8× 10−10 5.6× 10−9 1.7× 10−7 5.2× 10−6 1.8× 10−10 5.6× 10−9 1.7× 10−7 5.3× 10−6
- - 0 0 2.4× 10−7 7.6× 10−6 2.4× 10−4 7.9× 10−3 3.1× 10−7 9.8× 10−6 3.1× 10−4 9.8× 10−3
- - 0 + 1.2× 10−14 1.2× 10−12 1.1× 10−10 1.0× 10−8 1.2× 10−14 1.2× 10−12 1.1× 10−10 1.0× 10−8
- - + + 1.3× 10−7 4.3× 10−6 1.4× 10−4 4.4× 10−3 1.3× 10−7 4.3× 10−6 1.4× 10−4 4.4× 10−3
- 0 - 0 17. 56. 180. 580. 8.8 29. 93. 300.
- 0 - + 2.2× 10−5 2.2× 10−4 2.1× 10−3 0.020 2.2× 10−5 2.2× 10−4 2.1× 10−3 0.020
- 0 0 0 2.4× 10−7 2.3× 10−6 1.9× 10−5 1.1× 10−4 2.4× 10−7 2.3× 10−6 1.9× 10−5 1.1× 10−4
- 0 0 + 12. 39. 130. 410. 12. 39. 130. 410.
- + - + 2.0 6.3 19. 53. 2.0 6.3 19. 54.
- + 0 0 1.2× 10−9 3.7× 10−8 1.1× 10−6 2.8× 10−5 1.2× 10−9 3.7× 10−8 1.1× 10−6 2.9× 10−5
0 0 0 0 0.064 0.20 0.61 1.8 0.064 0.20 0.63 1.9
Table B.32: Contribution of polarized elastic on-shell W+W+ scattering cross sections (in pb) to the total
unpolarized cross sections at
√
sU for a chosen set of fM7 values (first row, in TeV4).
B.3 Plots of σpol(s) and σtotunpol(s)
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Figure B.1: Energy dependence of the total unpolarized elastic on-shellW+W+ cross sections (ECM ≡√
s, in TeV) for a chosen set of fi values of the SMEFT operators studied. Vertical lines denote the
unitarity bound
√
sU (color correspondence). There is no color distinction between the signs: except
for M1 and M7, upper cross section curves correspond to f < 0; in S0,S1 (T0,T2) stronger unitarity
limits correspond to f < 0 (f > 0).
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Figure B.2: Contributions of the polarized cross sections (multiplicity taken into account) as functions
of the center-of-mass collision energy (ECM ≡
√
s, in TeV) for chosen values of fi > 0 of the SMEFT
operators studied. The remaining (not shown) polarized contributions are negligibly small. In each
plot shown is in addition the total cross section of a EFT ”model” and the total cross section in the
SM. In each row right plot is zoom in of the left one; part 1.
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Figure B.3: See description of Fig. B.2; part 2.
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Figure B.4: Contributions of the polarized cross sections (multiplicity taken into account) as functions
of the center-of-mass collision energy (ECM ≡
√
s, in TeV) for chosen values of fi < 0 of the SMEFT
operators studied. The remaining (not shown) polarized contributions are negligibly small. In each
plot shown is in addition the total cross section of a EFT ”model” and the total cross section in the
SM. In each row right plot is zoom in of the left one; part 1.
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Figure B.5: See description of Fig. B.4; part 2.
Appendix C
On-shell gauge boson scattering in the
HEFT: more results
In Sec. 7.1.7 polarization contributions to the total unpolarized cross sections in the on-shell W+W+
scattering in HEFT were presented for T42 and T44 operators as examples of features ofW+W+ scatter-
ing in HEFT. Here we present the complete set of results for all the three EFT ”models” distinguished
in that Section (see therein for discussion).
C.1 Unitarity limits: the numerical results
λ1λ2λ
′
1λ
′
2 0.0001 0.001 0.01 0.1 −0.0001 −0.001 −0.01 −0.1
- - - - 880. 280. 88. 28. 630. 200. 63. 20.
- - - 0 9.0× 107 9.0× 106 9.0× 105 9.0× 104 9.0× 107 9.0× 106 9.0× 105 9.0× 104
- - - + 3.2× 103 1.0× 103 320. 100. 3.2× 103 1.0× 103 320. 100.
- - 0 0 11. 6.2 3.5 2.0 11. 6.2 3.5 2.0
- - 0 + 130. 61. 29. 13. 130. 61. 29. 13.
- - + + 940. 300. 94. 30. 940. 300. 94. 30.
- 0 - 0 2.3× 103 730. 230. 73. 2.0× 103 630. 200. 63.
- 0 - + 110. 51. 24. 11. 110. 51. 24. 11.
- 0 0 0 130. 61. 29. 13. 130. 61. 29. 13.
- 0 0 + 16. 8.8 5.0 2.8 16. 8.8 5.0 2.8
- + - + 1.5× 103 470. 150. 47. 1.9× 103 610. 190. 61.
- + 0 0 2.3× 103 710. 230. 71. 2.3× 103 710. 230. 71.
0 0 0 0 880. 280. 88. 28. 790. 250. 79. 25.
diag. 9.6 5.4 3.1 1.7 9.6 5.4 3.1 1.7
Table C.1: Values of
√
sU (in TeV) from the tree-level partial wave unitarity bounds for all elastic
on-shell W+W+ helicity amplitudes for a chosen set of fT42 values (first row, in TeV4 ); λi (λ′i) denote
ingoing (outgoing) W’s helicities; ”x” denotes no unitarity violation; ”diag.” denotes unitarity bounds
from diagonalization in the helicity space.
λ1λ2λ
′
1λ
′
2 0.0001 0.001 0.01 0.1 −0.0001 −0.001 −0.01 −0.1
- - - - 630. 200. 63. 20. 880. 280. 88. 28.
- - - 0 4.2× 107 4.2× 106 4.2× 105 4.2× 104 4.2× 107 4.2× 106 4.2× 105 4.2× 104
- - - + 2.2× 103 690. 220. 69. 2.2× 103 690. 220. 69.
- - 0 0 11. 6.2 3.5 2.0 11. 6.2 3.5 2.0
- - 0 + 100. 48. 22. 10. 100. 48. 22. 10.
- - + + x x x x x x x x
- 0 - 0 1.6× 103 490. 160. 49. 1.8× 103 570. 180. 57.
- 0 - + 87. 41. 19. 8.7 87. 41. 19. 8.7
- 0 0 - 1.9× 103 590. 190. 59. 1.9× 103 590. 190. 59.
- 0 0 0 100. 48. 22. 10. 100. 48. 22. 10.
- 0 0 + 13. 7.4 4.2 2.4 13. 7.4 4.2 2.4
- 0 + - 110. 51. 24. 11. 110. 51. 24. 11.
- 0 + 0 16. 8.8 5.0 2.8 16. 8.8 5.0 2.8
- + - + 1.4× 103 430. 140. 43. 1.0× 103 330. 100. 33.
- + 0 0 1.6× 103 490. 160. 49. 1.5× 103 490. 150. 49.
- + + - 1.7× 103 540. 170. 54. 1.7× 103 540. 170. 54.
0 0 0 0 1.0× 103 330. 100. 33. 1.1× 103 360. 110. 36.
diag. 9.6 5.4 3.1 1.7 9.6 5.4 3.1 1.7
Table C.2: See description of Tab. C.1; reaction W+W− →W+W−.
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λ1λ2λ
′
1λ
′
2 0.0001 0.001 0.01 0.1 −0.0001 −0.001 −0.01 −0.1
- - - - x x x x x x x x
- - - 0 1.8× 108 1.8× 107 1.8× 106 1.8× 105 1.8× 108 1.8× 107 1.8× 106 1.8× 105
- - - + 4.5× 103 1.4× 103 450. 140. 4.5× 103 1.4× 103 450. 140.
- - 0 0 16. 8.8 5.0 2.8 16. 8.8 5.0 2.8
- - 0 + 1.8× 108 1.8× 107 1.8× 106 1.8× 105 1.8× 108 1.8× 107 1.8× 106 1.8× 105
- - + + x x x x x x x x
- 0 - 0 18. 10. 5.7 3.2 17. 9.4 5.3 3.0
- 0 - + 110. 51. 24. 11. 110. 51. 24. 11.
- 0 0 0 170. 77. 36. 17. 170. 77. 36. 17.
- 0 0 + 17. 9.8 5.5 3.1 17. 9.8 5.5 3.1
- + - + 1.9× 103 610. 190. 61. 1.5× 103 470. 150. 47.
- + 0 0 23. 13. 7.2 4.0 23. 13. 7.2 4.0
0 0 0 0 2.8× 103 880. 280. 88. 2.5× 103 790. 250. 79.
diag. 14. 7.6 4.3 2.4 14. 7.6 4.3 2.4
Table C.3: Values of
√
sU (in TeV) from the tree-level partial wave unitarity bounds for all elastic
on-shell W+W+ helicity amplitudes for a chosen set of fT43 values (first row, in TeV4 ); λi (λ′i) denote
ingoing (outgoing) W’s helicities; ”x” denotes no unitarity violation; ”diag.” denotes unitarity bounds
from diagonalization in the helicity space.
λ1λ2λ
′
1λ
′
2 0.0001 0.001 0.01 0.1 −0.0001 −0.001 −0.01 −0.1
- - - - 1.2× 103 390. 120. 39. 890. 280. 89. 28.
- - - 0 7.0× 105 2.8× 105 1.4× 105 6.4× 104 7.0× 105 2.8× 105 1.4× 105 6.4× 104
- - - + 5.4× 103 1.7× 103 540. 170. 5.4× 103 1.7× 103 540. 170.
- - 0 0 16. 8.8 5.0 2.8 16. 8.8 5.0 2.8
- - 0 + 150. 69. 32. 15. 150. 69. 32. 15.
- - + + 1.9× 103 590. 190. 59. 1.9× 103 590. 190. 59.
- 0 - 0 17. 9.4 5.3 3.0 18. 10. 5.7 3.2
- 0 - + 1.0× 108 1.0× 107 1.0× 106 1.0× 105 1.0× 108 1.0× 107 1.0× 106 1.0× 105
- 0 0 - 15. 8.2 4.6 2.6 15. 8.2 4.6 2.6
- 0 0 0 190. 87. 40. 19. 190. 87. 40. 19.
- 0 0 + 19. 11. 5.9 3.3 19. 11. 5.9 3.3
- 0 + - 1.0× 108 1.0× 107 1.0× 106 1.0× 105 1.0× 108 1.0× 107 1.0× 106 1.0× 105
- 0 + 0 25. 14. 7.8 4.4 25. 14. 7.8 4.4
- + - + x x x x x x x x
- + 0 0 25. 14. 7.8 4.4 25. 14. 7.8 4.4
- + + - x x x x x x x x
0 0 0 0 2.8× 103 870. 280. 87. 2.6× 103 810. 260. 81.
diag. 14. 7.7 4.3 2.5 14. 7.7 4.3 2.5
Table C.4: See description of Tab. C.3; reaction W+W− →W+W−.
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λ1λ2λ
′
1λ
′
2 0.0001 0.001 0.01 0.1 −0.0001 −0.001 −0.01 −0.1
- - - - x x x x x x x x
- - - 0 x x x x x x x x
- - - + x x x x x x x x
- - 0 0 16. 8.8 5.0 2.8 16. 8.8 5.0 2.8
- - 0 + 170. 77. 36. 17. 170. 77. 36. 17.
- - + + 1.3× 103 420. 130. 42. 1.3× 103 420. 130. 42.
- 0 - 0 18. 10. 5.7 3.2 17. 9.4 5.3 3.0
- 0 - + 140. 64. 30. 14. 140. 64. 30. 14.
- 0 0 0 x x x x x x x x
- 0 0 + 25. 14. 7.8 4.4 25. 14. 7.8 4.4
- + - + 2.7× 103 860. 270. 86. 2.1× 103 660. 210. 66.
- + 0 0 23. 13. 7.2 4.0 23. 13. 7.2 4.0
0 0 0 0 1.6× 103 510. 160. 51. 1.4× 103 460. 140. 46.
diag. 14. 7.6 4.3 2.4 14. 7.6 4.3 2.4
Table C.5: Values of
√
sU (in TeV) from the tree-level partial wave unitarity bounds for all elastic
on-shell W+W+ helicity amplitudes for a chosen set of fT44 values (first row, in TeV4 ); λi (λ′i) denote
ingoing (outgoing) W’s helicities; ”x” denotes no unitarity violation; ”diag.” denotes unitarity bounds
from diagonalization in the helicity space.
λ1λ2λ
′
1λ
′
2 0.0001 0.001 0.01 0.1 −0.0001 −0.001 −0.01 −0.1
- - - - 1.2× 103 390. 120. 39. 890. 280. 89. 28.
- - - 0 x x x x x x x x
- - - + x x x x x x x x
- - 0 0 16. 8.8 5.0 2.8 16. 8.8 5.0 2.8
- - 0 + 190. 87. 40. 19. 190. 87. 40. 19.
- - + + 1.9× 103 590. 190. 59. 1.9× 103 590. 190. 59.
- 0 - 0 17. 9.4 5.3 3.0 18. 10. 5.7 3.2
- 0 - + x x x x x x x x
- 0 0 - 15. 8.2 4.6 2.6 15. 8.2 4.6 2.6
- 0 0 0 x x x x x x x x
- 0 0 + 19. 11. 5.9 3.3 19. 11. 5.9 3.3
- 0 + - 140. 64. 30. 14. 140. 64. 30. 14.
- 0 + 0 17. 9.8 5.5 3.1 17. 9.8 5.5 3.1
- + - + x x x x x x x x
- + 0 0 25. 14. 7.8 4.4 25. 14. 7.8 4.4
- + + - 2.4× 103 760. 240. 76. 2.4× 103 770. 240. 77.
0 0 0 0 1.6× 103 500. 160. 50. 1.5× 103 470. 150. 47.
diag. 14. 7.7 4.3 2.5 14. 7.7 4.3 2.5
Table C.6: See description of Tab. C.5; reaction W+W− →W+W−.
C.2 Analytic formulae for both iM and T (j=jmin) and contributions of
σpol to σtotunpol at
√
sU (numerical result)
λ1λ2λ
′
1λ
′
2 iMλ′1λ′2;λ1λ2(
√
s, θ, fT42) T (j=jmin)λ′1λ′2;λ1λ2
- - - - 8isc
2
W fT42m
2
Z
v2
sc2W fT42m
2
Z
2piv2
- - - 0 i
√
2
√
sc3W fT42 sin(2θ)m
3
Z
v2
−
√
sc3W fT42m
3
Z
20
√
3piv2
- - - + isc
2
W fT42 sin
2(θ)m2Z
v2
sc2W fT42m
2
Z
20
√
6piv2
- - 0 0 2is
2fT42
v2
s2fT42
8piv2
- - 0 + is
3/2cW fT42 sin(θ) cos(θ)mZ√
2v2
− s3/2cW fT42mZ
80
√
3piv2
- - + + − isc2W fT42(cos(2θ)−5)m2Z
v2
sc2W fT42m
2
Z
3piv2
- 0 - 0 3isc
2
W fT42 sin
2(θ)m2Z
2v2
sc2W fT42m
2
Z
32piv2
- 0 - + − is3/2cW fT42 sin(θ)(cos(θ)+1)mZ
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√
2v2
s3/2cW fT42mZ
80
√
2piv2
- 0 0 0 is
3/2cW fT42 sin(θ) cos(θ)mZ√
2v2
s3/2cW fT42mZ
80
√
3piv2
- 0 0 + − is
2fT42 cos
4( θ2)
v2
− s2fT42
64piv2
- + - + −4isc
2
W fT42 cos
4( θ2)m
2
Z
v2
− sc2W fT42m2Z
20piv2
- + 0 0 −2isc2W fT42 sin2(θ)m2Z
v2
− sc2W fT42m2Z
10
√
6piv2
0 0 0 0 −2isc2W fT42(cos(2θ)−3)m2Z
v2
5sc2W fT42m
2
Z
12piv2
Table C.7: Analytic formulas for on-shell W+W+ elastic scattering helicity amplitudes iM and the
minimal j partial waves T (j=jmin); λi (λ′i) denote ingoing (outgoing) W’s helicities; cW ≡ cos θW ; θ is
the scattering angle; the T42 operator case; only leading terms in the
√
s expansion in the limit s→∞
are shown.
λ1λ2λ
′
1λ
′
2 0.0001 0.001 0.01 0.1 −0.0001 −0.001 −0.01 −0.1
- - - - 1.9 5.8 17. 45. 1.9 5.9 17. 48.
- - - 0 1.7× 10−10 1.6× 10−8 1.3× 10−6 8.5× 10−5 1.5× 10−10 1.3× 10−8 1.1× 10−6 6.6× 10−5
- - - + 3.9× 10−8 1.2× 10−6 3.9× 10−5 1.2× 10−3 2.1× 10−8 6.7× 10−7 2.2× 10−5 6.9× 10−4
- - 0 0 15. 47. 150. 500. 15. 47. 150. 490.
- - 0 + 5.2× 10−5 5.2× 10−4 5.4× 10−3 0.056 5.2× 10−5 5.2× 10−4 5.3× 10−3 0.055
- - + + 2.6× 10−7 8.2× 10−6 2.6× 10−4 8.4× 10−3 2.6× 10−7 8.2× 10−6 2.6× 10−4 8.3× 10−3
- 0 - 0 1.8 5.5 16. 46. 1.8 5.5 16. 46.
- 0 - + 4.3× 10−4 4.3× 10−3 0.044 0.44 1.0× 10−4 1.0× 10−3 0.011 0.11
- 0 0 0 4.4× 10−5 4.5× 10−4 4.7× 10−3 0.050 6.1× 10−5 6.1× 10−4 6.2× 10−3 0.062
- 0 0 + 2.8 9.2 30. 98. 2.8 9.2 30. 96.
- + - + 3.3 10. 30. 80. 3.3 10. 30. 80.
- + 0 0 8.6× 10−8 2.7× 10−6 8.5× 10−5 2.7× 10−3 4.1× 10−8 1.3× 10−6 4.1× 10−5 1.3× 10−3
0 0 0 0 0.10 0.32 0.98 2.8 0.11 0.33 1.0 3.1
Table C.8: Contribution of polarized elastic on-shell W+W+ scattering cross sections (in pb) to the
total unpolarized cross sections at
√
sU for a chosen set of fT42 values (first row, in TeV4).
C.2 Analytic formulae for both iM and T (j=jmin) and contributions of σpol to σtotunpol
at
√
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λ1λ2λ
′
1λ
′
2 iMλ′1λ′2;λ1λ2(
√
s, θ, fT43) T (j=jmin)λ′1λ′2;λ1λ2
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Table C.9: Analytic formulas for on-shell W+W+ elastic scattering helicity amplitudes iM and the
minimal j partial waves T (j=jmin); λi (λ′i) denote ingoing (outgoing) W’s helicities; cW ≡ cos θW ; θ is
the scattering angle; the T43 operator case; only leading terms in the
√
s expansion in the limit s→∞
are shown.
λ1λ2λ
′
1λ
′
2 0.0001 0.001 0.01 0.1 −0.0001 −0.001 −0.01 −0.1
- - - - 0.96 3.0 9.1 26. 0.96 3.0 9.1 26.
- - - 0 9.5× 10−12 8.9× 10−10 7.8× 10−8 5.8× 10−6 1.3× 10−11 1.2× 10−9 1.1× 10−7 8.6× 10−6
- - - + 1.2× 10−8 3.9× 10−7 1.3× 10−5 4.0× 10−4 1.7× 10−8 5.3× 10−7 1.7× 10−5 5.4× 10−4
- - 0 0 7.2 23. 75. 240. 7.2 23. 75. 240.
- - 0 + 9.1× 10−13 9.1× 10−11 9.1× 10−9 9.2× 10−7 1.1× 10−12 1.1× 10−10 1.1× 10−8 1.1× 10−6
- - + + 6.7× 10−16 2.1× 10−13 6.6× 10−11 2.0× 10−8 6.1× 10−16 1.9× 10−13 6.0× 10−11 1.9× 10−8
- 0 - 0 6.9 22. 73. 240. 14. 44. 140. 460.
- 0 - + 6.7× 10−4 6.8× 10−3 0.070 0.72 1.0× 10−3 0.010 0.10 1.0
- 0 0 0 5.6× 10−5 5.6× 10−4 5.7× 10−3 0.059 4.7× 10−5 4.8× 10−4 4.9× 10−3 0.051
- 0 0 + 9.5 31. 100. 330. 9.5 31. 100. 330.
- + - + 1.7 5.2 16. 44. 1.7 5.2 16. 46.
- + 0 0 1.5 4.7 15. 50. 1.5 4.7 15. 50.
0 0 0 0 0.053 0.16 0.51 1.5 0.053 0.17 0.51 1.6
Table C.10: Contribution of polarized elastic on-shell W+W+ scattering cross sections (in pb) to the
total unpolarized cross sections at
√
sU for a chosen set of fT43 values (first row, in TeV4).
146 On-shell gauge boson scattering in the HEFT: more results
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Table C.11: Analytic formulas for on-shell W+W+ elastic scattering helicity amplitudes iM and the
minimal j partial waves T (j=jmin); λi (λ′i) denote ingoing (outgoing) W’s helicities; cW ≡ cos θW ; θ is
the scattering angle; the T44 operator case; only leading terms in the
√
s expansion in the limit s→∞
are shown.
λ1λ2λ
′
1λ
′
2 0.0001 0.001 0.01 0.1 −0.0001 −0.001 −0.01 −0.1
- - - - 0.96 3.0 9.1 26. 0.96 3.0 9.1 26.
- - - 0 1.0× 10−11 9.5× 10−10 8.4× 10−8 6.2× 10−6 1.0× 10−11 9.6× 10−10 8.4× 10−8 6.3× 10−6
- - - + 1.0× 10−10 3.1× 10−9 9.5× 10−8 2.9× 10−6 1.0× 10−10 3.1× 10−9 9.5× 10−8 2.9× 10−6
- - 0 0 7.2 23. 75. 250. 7.2 23. 75. 240.
- - 0 + 5.1× 10−5 5.2× 10−4 5.3× 10−3 0.054 5.1× 10−5 5.2× 10−4 5.3× 10−3 0.053
- - + + 1.3× 10−7 4.1× 10−6 1.3× 10−4 4.2× 10−3 1.3× 10−7 4.1× 10−6 1.3× 10−4 4.1× 10−3
- 0 - 0 6.9 22. 73. 240. 14. 44. 140. 460.
- 0 - + 1.4× 10−4 1.4× 10−3 0.014 0.15 3.0× 10−4 3.0× 10−3 0.031 0.31
- 0 0 0 1.6× 10−7 1.5× 10−6 1.3× 10−5 8.5× 10−5 1.6× 10−7 1.5× 10−6 1.3× 10−5 8.6× 10−5
- 0 0 + 0.97 3.1 10. 32. 0.97 3.1 10. 32.
- + - + 1.7 5.2 16. 45. 1.7 5.2 16. 45.
- + 0 0 1.5 4.7 15. 50. 1.5 4.7 15. 49.
0 0 0 0 0.053 0.16 0.50 1.5 0.053 0.17 0.52 1.6
Table C.12: Contribution of polarized elastic on-shell W+W+ scattering cross sections (in pb) to the
total unpolarized cross sections at
√
sU for a chosen set of fT44 values (first row, in TeV4).
C.3 Plots of σpol(s) and σtotunpol(s)
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Figure C.1: Energy dependence of the total unpolarized elastic on-shellW+W+ cross sections (ECM ≡√
s, in TeV) for a chosen set of fi values of the HEFT T42, T43, T44 operators. Vertical lines denote the
unitarity bound
√
sU (color correspondence). There is no color distinction between the signs: both for
T43 and T44 upper cross section curves correspond to fi < 0; there is practically no sign dependence of
unitarity bounds.
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Figure C.2: Contributions of the polarized cross sections (multiplicity taken into account) as functions
of the center-of-mass collision energy (ECM ≡
√
s, in TeV) for chosen values of fi > 0 of the HEFT
T42, T43, T44 operators. The remaining (not shown) polarized contributions are negligibly small. In
each plot shown is in addition the total cross section of a EFT ”model” and the total cross section in
the SM. In each row right plot is zoom in of the left one.
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Figure C.3: See description of Fig. C.2; fi < 0 case.
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